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Abstract
We study the boundary of the liquid region L in large random lozenge tiling models defined by
uniform random interlacing particle systems with general initial configuration, which lies on the line
px, 1q, x P R ” BH. We assume that the initial particle configuration converges weakly to a limiting
density φpxq, 0 ď φ ď 1. The liquid region is given by a homeomorphism WL : L Ñ H, the upper
half plane, and we consider the extension of W´1
L
to H. Part of BL is given by a curve, the edge E ,
parametrized by intervals in BH, and this corresponds to points where φ is identical to 0 or 1. If
0 ă φ ă 1, the non-trivial support, there are two cases. Either W´1
L
pwq has the limit px, 1q as w Ñ x
non-tangentially and we have a regular point, or we have what we call a singular point. In this case
W´1
L
does not extend continuously to H. Singular points give rise to parts of BL not given by E and
which can border a frozen region, or be “inside” the liquid region. This shows that in general the
boundary of BL can be very complicated. We expect that on the singular parts of BL we do not get
a universal point process like the Airy or the extended Sine kernel point processes. Furthermore, E
and the singular parts of BL are shocks of the complex Burgers equation.
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21 Introduction
1.1 Discrete Interlacing Sequences
We begin by briefly recalling the underlying probabilistic model described in [2]. A discrete Gelfand-
Tsetlin pattern of depth n is an n-tuple, denoted pyp1q, yp2q, . . . , ypnqq P ZˆZ2 ˆ ¨ ¨ ¨ ˆ Zn, which satisfies
the interlacing constraint
y
pr`1q
1 ě yprq1 ą ypr`1q2 ě yprq2 ą ¨ ¨ ¨ ě yprqr ą ypr`1qr`1 ,
for all r P t1, . . . , n´1u, denoted ypr`1q ą yprq. For each n ě 1, fix xpnq P Zn with xpnq1 ą xpnq2 ą ¨ ¨ ¨ ą xpnqn ,
and consider the following probability measure on the set of patterns of depth n:
νnrpyp1q, . . . , ypnqqs :“ 1
Zn
¨
"
1 ; when xpnq “ ypnq ą ypn´1q ą ¨ ¨ ¨ ą yp1q,
0 ; otherwise,
where Zn ą 0 is a normalisation constant. This can equivalently be considered as a measure on config-
urations of interlaced particles in Z ˆ t1, . . . , nu by placing a particle at position pu, rq P Z ˆ t1, . . . , nu
whenever u is an element of yprq. νn is then the uniform probability measure on the set of all such
interlaced configurations with the particles on the top row in the deterministic positions defined by
xpnq. This measure also arises naturally from certain tiling models (see [2] and [10] for further de-
tails). In [2] and [10] it was independently shown that this process is determinantal. The correlation
kernel, Kn : pZ ˆ t1, . . . , nuq2 Ñ C, acts on pairs of particle positions. Note that the determinis-
tic top row and the interlacing constraint implies that it is sufficient to restrict to those positions,
pu, rq, pv, sq P Z ˆ t1, . . . , n ´ 1u, with u ě xpnqn ` n ´ r and v ě xpnqn ` n ´ s. For all such pu, rq
and pv, sq,
Knppu, rq, pv, sqq “ rKnppu, rq, pv, sqq ´ φr,spu, vq, (1.1)
where
rKnppu, rq, pv, sqq :“ 1p2πiq2 pn´ sq!pn´ r ´ 1q!
˛
γn
dw
˛
Γn
dz
śu´1
k“u`r´n`1pz ´ kqśv
k“v`s´npw ´ kq
1
w ´ z
nź
i“1
ˆ
w ´ xpnqi
z ´ xpnqi
˙
,
and
φr,spu, vq :“ 1pvěuq ¨
$&%
0 ; when s ď r,
1 ; when s “ r ` 1,
1
ps´r´1q!
śs´r´1
j“1 pv ´ u` s´ r ´ jq ; when s ą r ` 1.
Above Γn and γn are counter-clockwise, Γn contains txpnqi : xpnqi ě uu and none of txpnqi ď u ` r ´ nu,
and γn contains Γn and tv ` s´ n, ..., vu.
1.2 Asymptotic Assumptions and Geometric Behaviour of the Liquid Region
It is natural to consider the asymptotic behaviour of the determinantal system introduced in the previous
section as n Ñ 8, under the assumption that the (rescaled) empirical distribution of the deterministic
particles on the top row converges weakly to a measure with compact support. More exactly, assume
that
1
n
nÿ
i“1
δ
x
pnq
i {n
Ñ µ
as nÑ8, in the sense of weak convergence of measures, where µ is a probability measure with compact
support, supppµq. We additionally assume that the convex hull of supppµq is of length strictly greater
than 1.
3Definition 1.1. For clarity we explicitly state the class of measures in which µ lies: µ P BpRq, where
BpRq is the set of Borel measures on R. Moreover, µ ď λ where λ is Lebesgue measure (recall xpnq P Zn),
}µ} “ 1, µ has compact support. We will denote this set of measures by µ PMλc,1pRq. Additionally we
note that µ admits a density w.r.t. λ, which is uniquely defined up to a set of zero Lebesgue measure.
Denoting the density by f , and ra, bs the convex hull of supppµq, (b ´ a ą 1), it satisfies f P L8pRq,
fpxq “ 0 for all x P Rzra, bs, ´
R
fpxqdx “ 1, and 0 ď fpxq ď 1 for all x P ra, bs. We write f P ρλc,1pRq.
Note that Rzsupppµq is the largest open set on which f “ 0 almost everywhere, and Rzsupppλ´µq is the
largest open set on which f “ 1 almost everywhere. Finally we note that the setMλc,1pRq is convex, i.e.,
if σ, ν PMλc,1pRq, then for all t P r0, 1s, tσ ` p1´ tqν PMλc,1pRq.
Definition 1.2. Define the set of functions Cλ,αc,1 pRq to be all f P ρλc,1pRq such that:
• There exists a finite family of open disjoint interval tIkuk such that supppµq “
Ť
k Ik.
• f P CαpIkq for all k and some 0 ă α ă 1.
• The set ptt : fptq “ 0u Y tt : fptq “ 1uqŞpYkIkq is isolated.
We note that if f P Cλ,αc,1 pRq, then f is continuous everywhere except at possibly the set
Ť
k BIk.
Note, rescaling the vertical and horizontal positions of the particles of the Gelfand-Tsetlin patterns by 1
n
,
that the weak convergence and the interlacing constraint imply that the rescaled particles almost surely
lie asymptotically in the the following set:
P “ tpχ, ηq P R2 : a ď χ` η ´ 1 ď χ ď b, 0 ď η ď 1u
Fixing pχ, ηq P P , the local asymptotic behaviour of particles near pχ, ηq can be examined by con-
sidering the asymptotic behaviour of Knppun, rnq, pvn, snqq as n Ñ 8, where tpun, rnquně1 Ă Z2 and
tpvn, snquně1 Ă Z2 satisfy
1
n
pun, rnq Ñ pχ, ηq, 1
n
pvn, snq Ñ pχ, ηq
as n Ñ 8. Assume this additional asymptotic behaviour, substitute pun, rnq and pvn, snq into equation
(1.1), and rescale the contours by 1
n
to get,
rKnppun, rnq, pvn, snqq “ Anp2πiq2
˛
γn
dw
˛
Γn
dz
exppnfnpwq ´ nf˜npzqq
w ´ z , (1.2)
for all n P N. Now Γn contains t 1nx
pnq
i : x
pnq
i ě unu and none of t 1nx
pnq
i ď un ` rn ´ nu, and γn contains
Γn and t 1n pvn ` sn ´ nq, ..., 1nvnu. Also An :“ pn´snq!pn´rn´1q! nsn´rn´1,
fnpwq :“ 1
n
nÿ
i“1
log
ˆ
w ´ x
pnq
i
n
˙
´ 1
n
vnÿ
j“vn`sn´n
log
ˆ
w ´ j
n
˙
,
f˜npzq :“ 1
n
nÿ
i“1
log
ˆ
z ´ x
pnq
i
n
˙
´ 1
n
un´1ÿ
j“un`rn´n`1
log
ˆ
z ´ j
n
˙
.
Finally, inspired by the asymptotic assumptions and the forms of fn and f˜n, we define
fpχ,ηqpwq :“
ˆ
R
logpw ´ tqdµptq ´
ˆ χ
χ`η´1
logpw ´ tqdt, (1.3)
for all w P CzR.
4Remark 1.1. Do not confuse the asymptotic function fpχ,ηqpwq with the density f of the the measure
µ. The authors apologize for this unfortunate notation and hope that it will not cause any confusion.
Furthermore, the asymptotic function will only be mentioned in the introduction, and in all other sections
of this paper, f will always denote the density of the measure.
Steepest descent analysis and equations (1.1) and (1.2) suggest that, as nÑ8, the asymptotic behaviour
of Knppun, rnq, pvn, snqq depends on the behaviour of the roots of f 1pχ,ηq:
f 1pχ,ηqpwq “
ˆ
R
dµptq
w ´ t ´
ˆ χ
χ`η´1
dt
w ´ t , (1.4)
for all w P CzR. In [2], we define the liquid region, L, as the set of all pχ, ηq P P for which f 1pχ,ηq has
a unique root in the upper-half plane, H :“ tw P C : Impwq ą 0u. Whenever pχ, ηq P L, one expects
universal bulk asymptotic behaviour, i.e., that the local asymptotic behaviour of the particles near pχ, ηq
are governed by the extended discrete Sine kernel as n Ñ `8. Also, one expects that the particles
are not asymptotically densely packed. Moreover, when considering the corresponding tiling model and
its associated height function, one would expect to see the Gaussian Free Field asymptotically. See for
example [10],[11] for a special case.
Let WL : L Ñ H map pχ, ηq P L to the corresponding unique root of f 1pχ,ηq in H. In [2], we show that
WL is a homeomorphism with inverse W
´1
L
pwq “ pχLpwq, ηLpwqq for all w P H, where
χLpwq :“ w ` pw ´ w¯qpe
Cpw¯q ´ 1q
eCpwq ´ eCpw¯q , (1.5)
ηLpwq :“ 1` pw ´ w¯qpe
Cpwq ´ 1qpeCpw¯q ´ 1q
eCpwq ´ eCpw¯q , (1.6)
and C : Czsupppµq Ñ C is the Cauchy transform of µ:
Cpwq :“
ˆ
R
dµptq
w ´ t . (1.7)
Thus L is a non-empty, open (with respect to R2), simply connected subset of P .
Define the complex slope Ω “ Ωpχ, ηq P C by
Ωpχ, ηq “ WLpχ, ηq ´ χ
WLpχ, ηq ´ χ´ η ` 1 . (1.8)
The equation f 1pχ, ηqpwqˇˇ
w“WLpχ,ηq “ 0 implies that the complex slope Ω satisfies the equation
1
Ω
“ exp
ˆ
R
ˆ
χ` p1´ ηqΩ
1´ Ω ´ t
˙´1
dµptq. (1.9)
Note that since
Ω “ exp
ˆ
R
dµptq
t´WLpχ, ηq (1.10)
and WLpχ, ηq P H, it follows that ImrΩs ą 0 for all pχ, ηq P L. Moreover, by differentiating (1.9) with
respect to χ and η respectively, one see that Ω satisfies the complex Burgers equation
Ω
BΩ
Bχ “ ´p1´ Ωq
BΩ
Bη . (1.11)
For a connection to lozenge tiling problems see [7].
5Using the complex slope Ω one define the Beta kernel BΩ : Z
2 Ñ C, according to:
BΩpm, lq “ 1
2πi
ˆ Ω
Ω
p1´ zqmz´l´1dz, (1.12)
where the integration contours are such that they cross p0, 1q Ă R when m ě 0, and p´8, 0q Ă R when
m ă 0. It was shown in [10], that if one let µ “ λˇˇYm
k“1Ik
, where Ik “ rak, bks, and Ymk“1Ik is a disjoint
union of intervals, then if one assumes that
lim
nÑ8
1
n
pxpnqi , ypnqi q “ pχ, ηq, for i “ 1, 2, .., r
and,
x
pnq
i ´ xpnqj “ lij P Z and ypnqi ´ ypnqj “ mij P Z
are fixed whenever n is sufficiently large, then
lim
nÑ8
ρrppxpnq1 , ypnq1 q, pxpnq2 , ypnq2 q, ..., pxpnqr , ypnqr q “ detrBΩpmij , lijqsri,j“1
Though it is not done in this paper, this result can be easily extended to the case when µ PMλc,1pRq. In
particular note that this implies that the macroscopic density of particles are given by
ρpχ, ηq “ 1
2πi
ˆ Ω
Ω
dz
z
“ 1
π
argΩpχ, ηq.
In [2], we also study BL. Our motivation for doing this is that edge-type behavior is expected at BL for
appropriate scaling limits. It is therefore necessary to understand the geometry of BL. We study BL using
the above homeomorphism: BL is the set of all pχ, ηq P P for which there exists a sequence, twnuně1 Ă H,
with W´1
L
pwnq “ pχLpwnq, ηLpwnqq Ñ pχ, ηq as n Ñ 8, and either |wn| Ñ 8 or wn Ñ x P R “ BH as
nÑ8.
The situation when |wn| Ñ 8 is trivial: pχLpwnq, ηLpwnqq Ñ p12 `
´
tdµptq, 0q as n Ñ 8. In order to
consider the situation when wn Ñ x P R “ BH, recall that µ ď λ. In [2], we consider the case where
wn Ñ x P R, where R Ă R is the open set,
R :“ Rµ YRλ´µ YR0 YR1 YR2, (1.13)
and
• Rµ :“ Rzsupppµq X tt P R : Cptq ‰ 0u.
• Rλ´µ :“ Rzsupppλ´ µq.
• R0 :“ Rzsupppµq X tt P R : Cptq “ 0u
• R1 is the set of all t P BpRzsupppµqqXBpRzsupppλ´µqq for which there exists an interval, I :“ pt2, t1q,
with t P I, pt, t1q Ă Rzsupppµq and pt2, tq Ă Rzsupppλ´ µq.
• R2 is the set of all t P BpRzsupppµqqXBpRzsupppλ´µqq for which there exists an interval, I :“ pt2, t1q,
with t P I, pt, t1q Ă Rzsupppλ´ µq and pt2, tq Ă Rzsupppµq.
We show that pχLpwnq, ηLpwnqq Ñ pχEptq, ηE ptqq as n Ñ 8, where χE , ηE : R Ñ R are the real-analytic
functions defined by,
pχEptq, ηE ptqq “
$’’’’’’’&’’’’’’’%
ˆ
t` 1´ e
´Cptq
C 1ptq , 1`
eCptq ` e´Cptq ´ 2
C 1ptq
˙
if t P Rµ YR0ˆ
t` 1´ p
t´t1
t´t2 qe´Cptq ´ 1
C 1Iptq ` 1t´t2 ´ 1t´t1
, 1` p
t´t2
t´t1 qeCIptq ` p t´t1t´t2 qe´CIptq ´ 2
C 1Iptq ` 1t´t2 ´ 1t´t1
˙
if t P Rλ´µ
pt, 1´ eCIptqpt´ t2qq if t P R1
pt´ e´CIptqpt´ t1q, 1` e´CIptqpt´ t1qq if t P R2
(1.14)
6Above I :“ pt2, t1q is any interval which satisfies t P I Ă Rzsupppλ ´ µq whenever t P Rzsupppλ ´ µq,
and the requirements of equation (1.13) whenever x P R1 Y R2. Also, C is the Cauchy transform of
equation (1.7), and CIptq :“
´
RzI
dµpxq
t´x for all t P I. It follows from above that pχEp¨q, ηE p¨qq : R Ñ BL
is the unique continuous extension, to R, of pχLp¨q, ηLp¨qq : H Ñ L. In [2] we show that the extension
is injective, and we define the edge, E Ă BL, as the image space of the extension. We argue that E
is a natural subset of BL on which to expect edge asymptotic behaviour. This will be examined in
the upcoming papers, [3] and [4]. In these papers we will show, for example, as n Ñ 8 and choosing
the parameters pun, rnq and pvn, snq appropriately, that Knppun, rnq, pvn, snqq converges to the Airy or
Pearcey kernel when x P Rzsupppµq and pχ, ηq “ pχEptq, ηEptqq. Similarly when t P Rzsupppλ´µq, except
now the asymptotic behaviour of the correlation kernel of the ‘holes’ is examined. Thus E is a subset
of BL where we expect standard, universal type edge behavior. Furthermore, in [2], we defined the sets
Eµ “ W´1E pRµq, Eλ´µ “ W´1E pRµq, E0 “ W´1E pR0q, E1 “ W´1E pR1q, and E2 “ W´1E pR2q. One can show
that for any sequence tpχn, ηnqun Ă L, such that limnÑ8pχn, ηnq “ pχE , ηEq P E , the boundary value of
the complex slope Ω exists and equals
lim
nÑ8
Ωpχn, ηnq “
$’’’’&’’’’%
e´Cptq P R if pχE , ηEq P Eµ
t´t2
t´t1 e
´CIptq P R if pχE , ηEq P Eλ´µ
1 if pχE , ηEq P E0
0 if pχE , ηEq P E1
8 if pχE , ηEq P E2
(1.15)
where t “ WEpχE , ηEq, and where limnÑ8 Ωpχn, ηnq “ 8 is viewed as a limit on the Riemann sphere
CY t8u. Hence, we may view E as a shock of the complex Burgers equation (1.11).
Remark 1.2. In principle the convergence of Knppun, rnq, pvn, snqq could depend on how the empirical
measure µn converges to µ. However, such questions will be considered in an upcoming paper [3].
Remark 1.3. Note that R1 X R2 “ H. Also R1 Y R2 “ BpRzsupppµqq X BpRzsupppλ ´ µqq, the set of
all common boundary points of the disjoint open sets Rzsupppµq and Rzsupppλ ´ µq. Therefore we can
alternatively write, R “ p pRzsupppµqq Y pRzsupppλ´ µqq q˝.
Note that R “ R “ BH in the special case when µ is Lebesgue measure restricted to a finite number of
disjoint intervals. This case was examined by Petrov, [10]. For general µ, however, RzR is non-empty. It
therefore remains to consider sequences, twnuně1 Ă H, with wn Ñ x P RzR as n Ñ 8. In [2], letting f
denotes the density of µ (see Definition 1.1), we show that:
Lemma 1.1. px, 1q P BL for x P RzR “ psupppµq X supppλ ´ µqqzpR1 Y R2q whenever there exists an
ǫ ą 0 for which one of the following cases is satisfied:
1. suptPpx´ǫ,x`ǫq fptq ă 1 and inftPpx´ǫ,x`ǫq fptq ą 0.
2. suptPpx´ǫ,xq fptq ă 1, inftPpx´ǫ,xq fptq ą 0 and fptq “ 0 for all t P px, x ` ǫq.
3. suptPpx´ǫ,xq fptq ă 1, inftPpx´ǫ,xq fptq ą 0 and fptq “ 1 for all t P px, x ` ǫq.
4. suptPpx,x`ǫq fptq ă 1, inftPpx,x`ǫq fptq ą 0 and fptq “ 0 for all t P px ´ ǫ, xq.
5. suptPpx,x`ǫq fptq ă 1, inftPpx,x`ǫq fptq ą 0 and fptq “ 1 for all t P px ´ ǫ, xq.
Moreover pχLpwnq, ηLpwnqq Ñ px, 1q as nÑ8 for all twnuně1 Ă H with wn Ñ x.
Recall that for a general f P ρλc,1pRq the assumptions of Lemma 1.1 need not be satisfied, and so the above
lemma gives an incomplete picture. The main goal of this paper is to extend this result. In particular,
we will examine the novel and subtle geometric behaviour of BL when the conditions of the above lemma
are violated. This analysis is surprisingly difficult, and naturally leads to questions in harmonic analysis.
Points in BLzE will be either of the form px, 1q, or be points where we expect to have non-standard, or
non-universal "edge" behaviour for the correlation kernel. The detailed local asymptotics will not be
investigated in the present paper.
71.3 Introduction to The Geometry of BLzE and the Non-Trivial Support of µ
As explained in the previous section, fixing µ P Mλc,1pRq (see remark 1.1) and defining χL and ηL
as in equations (1.5) and (1.6), we wish to examine the boundary behaviour of the homeomorphism
pχLp¨q, ηLp¨qq : HÑ L in the neighbourhood of the following set:
Definition 1.3. Given µ PMλc,1pRq, the non-trivial support of µ, denoted Sntpµq Ă R, is the complement
of the open set defined in equation (1.13). More exactly,
Sntpµq :“ supppµq X supppλ ´ µqzpR1 YR2q,
where λ is Lebesgue measure and R1 YR2 “ BpRzsupppµqq X BpRzsupppλ´ µqq (see remark 1.3).
Throughout the remainder of this paper we therefore make the following assumptions:
Hypothesis 1.1. Fix µ PMλc,1pRq for which Sntpµq˝ is non-empty.
Remark 1.4. Hypothesis 1.1 excludes densities of the form fptq “ φptqχKptq, where φ P ρλc,1pRq, and
K is a measurable closed set such that K˝ “ ∅. Then Sntpµq Ă K. In particular, we will not consider
examples of the form fptq “ χCptq, where C is a fat Cantor set, that is a nowhere dense set such that
λpCq ą 0.
Hypothesis 1.2. Let X :“ tt : 0 ă fptq ă 1, dµptq “ fptqdtu. Assume that for any open interval
I Ă Sntpµq˝, λpX
Ş
Iq ą 0.
Remark 1.5. This assumption is non-trivial. In [12], it is shown that there exists a Borel set A Ă r0, 1s
such that for any interval I Ă r0, 1s one has
0 ă λpA
č
Iq ă λpIq. (1.16)
Taking f
ˇˇ
r0,1sptq “ χAptq, (1.16) shows that r0, 1s Ă Sntpµq. However, λptt : 0 ă fptq ă 1u
Şr0, 1sq “ 0.
Fix x P Sntpµq and a sequence twnuně1 Ă H with wn Ñ x as nÑ8. Assuming these hypothesises, we
wish to examine the behaviour of tpχLpwnq, ηLpwnqquně1 as n Ñ 8 for the various possibilities of the
point x P Sntpµq and the sequence twnuně1 Ă H. More precisely, we introduce the following equivalence
relation:
Definition 1.4. To sequences ωx “ twnun“1 and ω1x “ tw1mum“1 are said to be equivalent if the following
holds:
• limnÑ8 wn “ limkÑ8 w1m “ x.
• There exist N ą 0 and M ą 0, depending on ωx and ω1x such that wN`n “ w1M`n whenever n ą 0.
This is easily seen to be an equivalence relation. We denote this by ωx „ ω1x and denote rωs by its
equivalence class. Furthermore, for each x P R, let Sx denote the set of equivalence classes of sequences
converging to x.
Now let
BLωpxq :“ tpχLpwnq, ηLpwnqq : n ě 1uztpχLpwnq, ηLpwnqq : n ě 1u (1.17)
“ tpχ1, η1q P P : twnkuk Ă twnun“1, lim
kÑ8
pχLpwnkq, ηLpwnkq “ pχ1, η1qu. (1.18)
Then clearly BLωpxq “ BLω1pxq “ BLrωspxq whenever ω „ ω1. Finally let
BLpxq “
ď
rωsPSx
BLrωspxq. (1.19)
We now note that by Lemma 6.1 in the appendix, BL “ BLp8qŤ`ŤxPR BLpxq˘. In Lemma 5.1, we show
for every x P Sntpµq˝ that we can always choose twnuně1 such that pχLpwnq, ηLpwnqq Ñ px, 1q. In other
words, Sntpµq˝ˆt1u Ă BL. We define the generic case as that in which this limit is observed for arbitrary
sequences:
8Definition 1.5. x P Sntpµq is said to be generic whenever BLpxq “ tpx, 1qu. In particular, this is
equivalent to pχLpwnq, ηLpwnqq Ñ px, 1q as n Ñ 8 for arbitrary sequences twnuně1 Ă H converging to
x. The set of generic points will be denoted by Sgennt pµq.
The homeomorphism, pχLp¨q, ηLp¨qq : H Ñ L, therefore has a unique continuous extension to x P Sµ
whenever x is generic. Lemma 1.1, above, gives sufficient conditions for x to be generic. We generalise
these conditions in Proposition 4.2. Moreover we prove in Theorem 4.1 that for a typical set G Ă Sntpµq˝,
where G is defined in Proposition 4.1, G Ă Sgennt pµq is dense in Sntpµq˝.
We are particularly interested in those parts of BL that arise from non-generic points. Recall in the
previous section, we defined the edge, E Ă BL, by extending pχLp¨q, ηLp¨qq uniquely and continuously
to RzSntpµq. In particular E “
Ť
xPR BLpxq. Also the point BLp8q “ p12 `
´
tdµptq, 0q is obtained
by extending the homeomorphism uniquely and continuously to ‘infinity’. Finally, as observed above,
Sntpµq˝ ˆ t1u Ă BL. We therefore define the singular part of BL, denoted BLsing Ă BL, as:
BLsing :“ BLz
ˆ
E
ď"ˆ1
2
`
ˆ
tdµptq, 0
˙*ďˆ
S
gen
nt pµq ˆ t1u
˙˙
. (1.20)
In view of Lemma 6.1, this leads to the natural decomposition of the boundary BL according to
BL “
"ˆ
1
2
`
ˆ
tdµptq, 0
˙*ď
E
ď
pSgennt pµq ˆ t1uq
ď
BLsing. (1.21)
In particular we have
BLsing “
ď
xPRzpRYSgennt pµqq
BLpxq. (1.22)
We begin our analysis by expressing ppχLpwq, ηLpwqq “ ppχLpu, vq, ηLpu, vqq in real and imaginary parts
of Cpwq, where w “ u` iv. Using that
RepCpwqq “
ˆ
R
pu´ tqfptqdt
pu´ tq2 ` v2 :“ πHvfpuq (1.23)
´ImpCpwqq “
ˆ
R
vfptqdt
pu ´ tq2 ` v2 “ πPvfpuq, (1.24)
equations (1.5) and (1.6) then become
χLpu, vq “ u` v e
´πHvfpuq ´ cospπPvfpuqq
sinpπPvfpuqq , (1.25)
ηLpu, vq “ 1´ v e
πHvfpuq ` e´πHvfpuq ´ 2 cospπPvfpuqqq
sinpπPvfpuqqq . (1.26)
Remark 1.6. Recall that Pvfpuq is the Poisson kernel of f and Hvfpuq is the harmonic conjugate of
Pvfpuq. Also note that by Lemma 2.4, 0 ă πPvfpuq ă π for all pu, vq P H. It is a well-known fact from
harmonic analysis that
lim
vÑ0`
Pvfpuq “ fpuq for a.e u (1.27)
lim
vÑ0`
Hvfpuq “ Hfpuq for a.e u, (1.28)
where Hf denotes the Hilbert transform of f . In fact, the limits exist for every u in the Lebesgue set of
f and the Lebesgue set of Hf respectively.
We now distinguish between different types of sequences that will be of use:
9Definition 1.6. twnuně1 “ tun` ivnuně1 is said to converge non-tangentially to x whenever there exists
a constant k ą 0 for which |un´x
vn
| ă k for all n sufficiently large and such that limnÑ8 wn “ x. twnuně1
is said to converge tangentially to x whenever |un´x
vn
| Ñ 8 as nÑ8 and limnÑ8 wn “ x.
Note, we can alternatively define the above sequences by considering the following truncated cones: For
all k ą 0 and h ą 0, define Γhkpxq Ă Γkpxq Ă H by,
Γhkpxq :“ tpu, vq P H : 0 ă v ă h and |u´ x| ă kvu,
Γkpxq :“ tpu, vq P H : v ą 0 and |u´ x| ă kvu.
These are shown in figure (1). Note that twnuně1 converges non-tangentially to x iff wn Ñ x and there
exists a k ą 0 for which wn P Γkpxq for all n sufficiently large. Also, twnuně1 converges tangentially to
x iff wn Ñ x and there exists an npkq for which wn R Γkpxq for all n ą npkq.
|u´ x| “ kv
u
v
x
Γ
h
kpxq
Figure 1: Truncated Cone
Of course, arbitrary sequences twnuně1 Ă H such that limnÑ8wn “ x are not-necessarily tangential nor
non-tangential. However the following result trivially follows from definitions 1.5 and 1.6 by considering
sub-sequences:
Lemma 1.2. x is generic if and only if both of the following occur:
• pχLpwnq, ηLpwnqq Ñ px, 1q as nÑ8 whenever twnuně1 converges non-tangentially to x.
• pχLpwnq, ηLpwnqq Ñ px, 1q as nÑ8 whenever twnuně1 converges tangentially to x.
Generic situations are considered in section 4. We begin by considering non-tangential sequences:
Definition 1.7. x P Sntpµq is said to be regular if and only if pχLpwnq, ηLpwnqq Ñ px, 1q as n Ñ 8
whenever twnuně1 converges non-tangentially to x. The set of regular points is denoted by Sregnt pµq.
In sections 2-4 we provide sufficient conditions for a point to be regular. For example, in Proposition
4.1 we show that x P Sntpµq is regular whenever x belongs to the Lebesgue set of f and 0 ă fpxq ă 1.
Lemma 1.2 and Definition 1.7 imply that all generic points are regular. The converse question, however,
is non-trivial. In Proposition 4.2 we give sufficient conditions for a regular point to be generic. In order
to prove that the tangential limits converge correctly, we assume a uniform convergence condition in a
neighborhood of x. This condition holds, for example, whenever the measure µ is such that f P Cλ,αc,1 pRq
(see for example Proposition 4.3).
In section 6 we consider non-generic situations:
Definition 1.8. x P Sntpµq is said to be singular if it is not regular, and the set of all singular points
will be denoted by Ssingnt pµq. We identify four classes singular points:
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• x P Ssing,Int pµq if and only if there exists a δ ą 0 and a function ϕ : R Ñ R for which x is in the
Lebesgue set of ϕ, ϕpxq “ 0, |Hϕpxq| ă `8, and fptq “ χrx´δ,xsptq ` ϕptq for almost all t.
• x P Ssing,IInt pµq if and only if there exists a δ ą 0 and a function ϕ : R Ñ R for which x is in the
Lebesgue set of ϕ, ϕpxq “ 0, |Hϕpxq| ă `8, and fptq “ χrx,x`δsptq ` ϕptq for almost all t.
• x P Ssing,IIInt pµq if and only if
´
R
fptqdt
px´tq2 ă `8 and Hfpxq ‰ 0.
• x P Ssing,IVnt pµq if and only if
´
R
1´fptqdt
px´tq2 ă `8 and Hp1´ fqpxq ‰ 0.
The fact that x P Sntpµq is singular whenever x P Ssing,Int pµq Y Ssing,IInt pµq Y Ssing,IIInt pµq Y Ssing,IVnt pµq
is shown in Propositions 5.1-5.2 and 5.4. Indeed we show, whenever x P Ssing,Int pµq Y Ssing,IInt pµq Y
S
sing,III
nt pµq Y Ssing,IVnt pµq and twnuně1 is non-tangential, that pχLpwnq, ηLpwnqq converges to a point
which is different from px, 1q. We give expressions for the position of this in each of the 4 cases, noting
in particular that the position is independent of the choice of the constant δ whenever x P Ssing,Int pµq Y
S
sing,II
nt pµq. Also, it follows from the definition of Cλ,αc,1 pRq that Ssing,Int pµq Y Ssing,IInt pµq Y Ssing,IIInt pµq Y
S
sing,IV
nt pµq is the set of all singular points whenever the measure µ is such that f P Cλ,αc,1 pRq.
In particular the set Ssingnt pµq can be seen as an obstruction to extending the map W´1L pµq : H Ñ L to
a homeomorphism of the boundary. More precisely, in Theorem 4.2 it is proven that W´1
L
pµq : H Ñ L
extends to a homeomorphism W
´1
L pµq : H Ñ L if Ssingnt pµq “ ∅. In particular, when Ssingnt pµq ‰ ∅,
then BL is not homeomorphic to S1. Furthermore it will also be shown that these points need not
be isolated. When considering the boundary behavior of the map W´1
L
for sequence twnun P H such
that limnÑ8 wn “ x P Ssingnt pµq we will almost exclusively consider the case of isolated singular points.
Furthermore, it will be shown that to study boundary behavior at such points one will be forced to
consider particular classes of tangential sequences converging to x. More precisely, under an additional
technical assumption on the density f , we prove in Propositions 5.6-5.7 and Proposition 5.8 and Theorems
5.1-5.2 that:
• If x P Ssing,Int pµq and there exists an ε ą 0 such that
´
R
|ϕptq|dt
py´tq2 ă 8 for all y P px´ ε, xqY px, x` εq,
then
BLpxq “
"ˆ
x, 1 ´ δe
πHϕpxq
1` ξ
˙
: ξ P p0,`8q
*
.
In particular x is isolated on the right from points in Ssing,IIInt pµq and the left from points in
S
sing,IV
nt pµq.
• If x P Ssing,IInt pµq and there exists an ε ą 0 such that
´
R
|ϕptq|dt
py´tq2 ă 8 for all y P px´ε, xqYpx, x`εq,
then
BLpxq “
"ˆ
x` δe
´πHϕpxq
1` ξ , 1´
δe´πHϕpxq
1` ξ
˙
: ξ P p0,`8q
*
.
In particular x is isolated on the right from points in Ssing,IVnt pµq and the left from points in
S
sing,III
nt pµq.
• If x P Ssing,IIInt pµq and there exists an ε ą 0 such that
´
R
fptqdt
py´tq2 ă 8 for all y P px´ε, xqYpx, x`εq,
then
BLpxq “
"ˆ
x` 1´ e
´πHfpxq
ξ ´ πpHfq1pxq , 1´
eπHfpxq ` e´πHfpxq ´ 2
ξ ´ πpHfq1pxq
˙
: ξ P p0,`8q
*
.
In particular x is isolated from other points in Ssing,IIInt pµq.
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• If x P Ssing,Int pµq and that there exists an ε ą 0 such that
´
R
p1´fptqqdt
py´tq2 ă 8 for all y P px ´ ε, xq Y
px, x` εq, then
BLpxq “
"ˆ
x` 1` e
πHp1´fqpxq
ξ ´ πpHp1 ´ fq1pxq , 1´
eπHp1´fqpxq ` e´πHp1´fqpxq ` 2
ξ ´ πpHp1 ´ fq1pxq
˙
: ξ P p0,`8q
*
.
In particular x is isolated from other points in Ssing,IVnt pµq.
Note that the geometry of BLpxq in these cases is entirely characterized by either Hϕpxq or the numbers
Hfpxq and pHfq1pxq. An additional reason why we choose to only consider those singular points which
satisfied some additional criteria for isolatedness, is that we do not believe that the same type of simple
characterization of BLpxq is possible in the case dense singular points, or in the case when the assumptions
of Propositions 5.6-5.8 are violated. Finally, if one is to apply Definition 1.8 to points x P R one would
find that every x in RµYRλ´µYR1YR2 were singular points. Therefore the case of considering boundary
behavior of non-isolated boundary points of BSntpµq is similar to the case of non-isolated singular points.
We will therefore restrict ourselves to consider only isolated points of BSntpµq. It will therefore prove
useful to define the following subsets of BSntpµq:
Definition 1.9. Let BSisont pµq :“ BS0R Y BS0L Y BS1R Y BS1R be the isolated boundary points of BSntpµq,
where
• BS0R is the set of all x P BSntpµq for which there exists intervals I “ px, x ` δq and J “ px ´ δ, xq,
such that I Ă supppµqc and J Ă Sntpµq for some δ ą 0.
• BS0L is the set of all x P BSntpµq for which there exists intervals I “ px ´ δ, xq and J “ px, x ` δq,
such that I Ă supppµqc and J Ă Sntpµq for some δ ą 0.
• BS1R is the set of all x P BSntpµq for which there exists intervals, I “ px, x ` δq and J “ px ´ δ, xq,
such that I Ă supppλ ´ µqc and J Ă Sntpµq for some δ ą 0.
• BS1L is the set of all x P BSntpµq for which there exists interval, I “ px ´ δ, x1q and J “ px, x ` δq,
such that I Ă supppλ ´ µqc and J Ă Sntpµq for some δ ą 0.
We notice that if the density f P Cλ,αc,1 pRq and x P Sntpµq is a singular point, then it is isolated. Further-
more, BSntpµq “ BSisont pµq, in this case. In Proposition 4.4 and Proposition 4.5 we provide sufficient condi-
tions on the density f for when x P BSisont pµq is generic. In particular we show that limtÑx
tPR
pχE ptq, ηEptqq “
px, 1q. If on the other hand x P Ssing,Int pµq Y Ssing,IInt pµq Y Ssing,IIInt pµq Y Ssing,IVnt pµq and pχ˚, η˚q “
limnÑ8ppχEpwnq, ηE pwnqq, where twnun converges non-tangentially to x, then limtÑx
tPR
pχEptq, ηE ptqq “
pχ˚, η˚q.
We now consider the boundary behaviour of the complex slope Ω for sequences tpχn, ηnqun Ă L such
that limnÑ8pχn, ηnq “ pχ, ηq P BLzR. First consider the case when pχ, ηq P tpx, 1q : x P Sgennt pµqu. One
can show that almost all non-tangential limits exists and
lim
nÑ8
Ωpχn, ηnq “ e´πHfpxq`iπfpxq P C.
Thus, such limit is thus not in general real, which should be contrasted to the case when pχ, ηq P E . On
the other hand, if we assume that x P Ssingnt pµq, and that in addition x is an isolated singular point, then
for all sequences tpχn, ηnqun Ă L such that limnÑ8pχn, ηnq “ pχ, ηq P BLpxq we get
lim
nÑ8Ωpχn, ηnq “
$’’&’’%
e´πHfpxq P R if x P Ssing,IIInt pµq
´eπHp1´fqpxq P R if x P Ssing,IVnt pµq
0 if x P Ssing,Int pµq
8 if x P Ssing,IInt pµq
(1.29)
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This shows that at least a subset of BLsing are shocks of the complex Burgers equation in the same way
as E .
We will conclude this introduction by discussing open problems not solved in this paper.
Conjecture 1.1. S
reg
nt pµq “ Sgennt pµq.
Conjecture 1.2. S
sing
nt pµq is meagre set in R.
However, note that Ssingnt pµq is not necessarily negligible from a measure theoretic point of view. This
is proven in Lemma 5.2, where we show that there exists a µ P Mλc,1pRq such that λpSsingnt pµqq ą 0.
Moreover, in Lemma 5.3, we show that the set Ssingnt pµq may be dense in Sntpµq˝. Finally, in Proposition
5.10, we show that there exits a µ P Mλc,1pRq such that H1pBLq “ `8, where H1 denotes the one
dimensional Hausdorff measure.
Example 1.1. Consider the density fptq “ 15
16
pt ` 1q2pt ´ 1q2χr´1,1sptq. Here supppµq “ r´1, 1s and
S
reg
nt pµq “ Sgennt pµq “ p´1, 1q and Ssingnt pµq “ t´1u Y t1u. The boundary of the liquid region is shown in
figure 2.
p0, 0q p1
2
, 0q
“p1
2
` µrxs, 0q
“
limtÑ˘8pχEptq, ηEptqq
p1, 0q
p1, 1qp´1, 1q
˝ limtÓ1pχEptq, ηEptqq˝limtÒ´1pχEptq, ηEptqq
L
E
Figure 2: . The boundary of the liquid region. The blue curve is the edge E . Here we expect to see the
Airy process. The remaining part of the boundary is the red lines and the top line tpx, 1q : ´1 ď x ď 1u.
Here we do not expect to see any universal edge fluctuations.
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2 Preliminaries
2.1 Integral Means and the Boundary Behavior of eHvnfpunq and Pvnfpunq
When studying the asymptotic behaviour of pχLpwnq, ηLpwnqq for non-tangential sequences twnun such
that limnÑ8 wn “ x, it is natural to first try to estimate eHvnfpunq and Pvnfpunq separately. We will
13
not attempt to classify all possible situations for which a point is regular, but contend ourselves with
providing sufficient conditions which cover many interesting cases. In particular, we provide sufficient
conditions for vne
π|Hvnfpunq| Ñ 0 for a non-tangential sequence un ` ivn Ñ x P Sntpµq as n Ñ `8. To
achieve this it will be natural to consider certain means of the function f .
Recall that the Lebesgue set Lf of an L
1
locpRq function f is the set of all x P R such that
lim
hÑ0`
1
2h
ˆ x`h
x´h
|fptq ´ fpxq|dt “ 0. (2.1)
It is a well known result that the set of points which fails to be Lebesgue points has Lebesgue measure
zero, see [15]. If x does not belong to the Lebesgue set of f one may try to redefine the value of fpxq
at x such that (2.1) holds. If this is not possible then x does not belong to the Lebesgue set of f for
any f P rf s P L1pRq, where rf s denotes the equivalence class of f in L1pRq. In particular we note that if
f P ρλc,1pRq and (2.1) holds then
lim
hÑ0`
1
2h
ˆ x`h
x´h
fptqdt “ lim
hÑ0`
1
h
ˆ x`h
x
fptqdt “ lim
hÑ0`
1
h
ˆ x
x´h
fptqdt “ fpxq.
Of course the converse of this is not true in general. However, if fpxq “ 0 or fpxq “ 1 then in the first
case we have
lim
hÑ0`
1
2h
ˆ x`h
x´h
|fptq ´ fpxq|dt “ lim
hÑ0`
1
2h
ˆ x`h
x´h
fptqdt “ 0
or in the second case
lim
hÑ0`
1
2h
ˆ x`h
x´h
|fptq ´ fpxq|dt “ lim
hÑ0`
1
2h
ˆ x`h
x´h
dt´ 1
2h
ˆ x`h
x´h
fptqdt “ 0.
Therefore let
fpxq “ F 1pxq :“ lim
hÑ0`
F px` hq ´ F px´ hq
2h
, (2.2)
where
F pxq “
ˆ x
´8
dµptq,
and note that the limit (2.2) exists for almost every x, in particular for every x in the Lebesgue set of
f . Functions f P L1pRq defined through (2.2) are said to be strictly defined, (see page 192 in [14]). We
will therefore always assume that the density f in the equivalence class of densities of the measure µ
is defined by (2.2), and the Lebesgue set of f will always be with respect to this density. Moreover, it
will be important to study not only the properties of the density f but also of its Hilbert transform Hf ,
where
Hfpxq :“ lim
εÑ0`
1
π
ˆ
|x´t|ąε
fptqdt
x´ t ,
and where this limit exists for almost every x. It is a well-known fact in the theory of singular integrals
that the Hilbert transform is a bounded operator on LppRq for every 1 ă p ă 8, see for example Theorem
4.1.7 in [6]. Since f P ρλc,1pRq it follows that f P LppRq for every 1 ď p ď 8, and hence that Hf P LppRq
for every 1 ă p ă 8,
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As was remarked before, we will be interested in considering non-tangential limits. That is, if u : HÑ R,
we will say that u has a non-tangential limit l at x0 P R “ BH, if for each α ą 0,
lim
px,yqÑpx0,0q
px,yqPΓαpx0q
upx, yq “ l.
Similarly, we will say that a function u : H Ñ R is non-tangentially bounded at x0 if for every α ą 0 we
have that
sup
px,yqPΓ1αpx0q
|upx, yq| ă 8.
For many estimates it will prove useful to introduce the Hardy-Littlewood maximal function mf , defined
at x P R for f P LppRq for 1 ď p ď 8 by
mf pxq :“ sup
hą0
1
2h
ˆ x`h
x´h
|fptq|dt.
Recall that, Pvfpuq is the Poisson integral of the density f . However, by Lemma 1.5 in chapter VI in
[14], Hvfpuq “ PvpHfqpuq, that is Hvfpuq is the Poisson integral of the Hilbert transform of f . Now
Theorem 3.16 in chapter II of [14] implies that limnÑ8 Pvnfpunq “ x for non-tangential limits at each
x P Lf , thus in particular almost everywhere. Similarly, Hvfpuq has the non-tangential limit Hfpxq at
every x P LHf , thus in particular, almost everywhere. Finally, Theorem 1.4 in chapter VI of [14] shows
that mHf dominates Hvf in the following sense:
sup
pu,vqPΓ1αpxq
|Hvfpuq| ď dαmHf pxq, (2.3)
where the constant dα does not depend on x. Moreover, Lemma 1.2 in chapter VI in [14] states that
lim
vÑ0`
"
Hvfpxq ´
ˆ
0ăvď|t|
fpx´ tqdt
t
*
“ 0 (2.4)
at each point x in Lf .
Remark 2.1. Note that in Lemma 1.2 in [14], Lf is the Lebesgue set of f and not of Hf . It should
be noted that (2.4) does not apply for arbitrary non-tangential limits, as can be seen by considering
the function fptq “ plogp|t|´1qq´1χr´a,asptq at 0, for some a ą 0. However, if f satisfies the following
Dini-type condition:
ˆ x`1
x´1
|fpxq ´ fptq|dt
|x´ t| ă `8, (2.5)
then for all non-tangential limits tun` ivnun that converge to x, limnÑ8Hvnfpunq “ Hfpxq. For a proof
of this fact see Proposition 6.1 in the appendix.
So far we have not used the fact that f P L8pRq and its consequences for its Hilbert transform Hf .
However, the fact that f P L8pRq implies that Hf P BMO, where BMO, denotes the class of functions
of bounded mean oscillation. A function f P BMO if
sup
xPR
hą0
1
2h
ˆ x`h
x´h
|fptq ´Mfpx, hq|dt ă `8, (2.6)
where
Mfpx, hq :“ 1
2h
ˆ x`h
x´h
fptqdt.
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The left hand side of (2.6) is the BMO norm of f and is denoted by }f}BMO. In particular it follows
that if f P BMO, then mf P BMO, see Theorem 4.2 (b) in [13]. Moreover, functions of bounded mean
oscillation are LplocpRq for every 0 ă p ă 8. Finally, functions f P BMO satisfies the John-Nirenberg
inequality:
|tt P rx´ h, x` hs : |fptq ´Mfpx, hq| ą αu| ď c1 exp
ˆ
´ c2 α}f}BMO
˙
2h (2.7)
for some positive constants c1, c2 independent of x. For more details see for example [16] or [5].
If f P Cλ,αc,1 pRq, then for every x, y P Ik, and every k, there exists a constant C, such that |fpxq ´ fpyq| ď
C|x ´ y|α. This implies, (see [9]), that for every x, y P Ik, there exists a constant c, that depends on x,
such that |Hfpxq ´Hfpyq| ď c|x´ y|α. Thus, in particular Hf P CpIkq, for every k. Note however that
Hf need not be continuous on the set
Ť
k BIk.
For f P L1pRq and y ą 0 let
MRfpx, yq :“ 1
y
ˆ x`y
x
fptqdt
MLfpx, yq :“ 1
y
ˆ x
x´y
fptqdt
∆Mfpx, yq :“ 1
y
ˆ x`y
x
fptqdt´ 1
y
ˆ x
x´y
fptqdt
∆mf pxq :“ sup
yą0
|∆Mfpx, yq|
mδf pxq :“ sup
0ăyăδ
|Mfpx, yq|
for x P R and y P R`. It follows from the fact that 0 ď fptq ď 1, that 0 ď MRfpx, yq ď 1, 0 ď
MLfpx, yq ď 1 and ´1 ď ∆Mfpx, yq ď 1 for all px, yq P H. In particular ∆mf pxq is a maximal function
for the cancellation of the right sided and left sided means, and mδf pxq is a truncated maximal function.
As will be shown in Lemma 2.2, it is the size of ∆Mfpun, vnq that controls the growth rate of the function
π|Hvnfpunq| for non-tangential sequences un ` ivn P H as un ` ivn Ñ x P R as n Ñ `8. In particular,
we have the following important Lemma:
Lemma 2.1. Assume that x P Sntpµq˝ and that f P ρλc,1pRq. Then
|∆Mfpx, yq| ă 1, (2.8)
and
|∆Mfpx, yq| ď 1
y
(2.9)
for all y ą 0.
Proof. Assume the contrary. Then there exists a y˚ ą 0 such that |∆Mfpx, y˚q| “ 1. It is clear from
the definition of MRf and MLf that either MRfpx, y˚q “ 1 and MLfpx, y˚q “ 0 or that MLfpx, y˚q “ 1
and MRfpx, y˚q “ 0. In the first case this implies that fptq “ 1 for a.e. t P rx, x ` ys and that fptq “ 0
for a.e. t P rx ´ y, xs, This implies that px, x ` yq Ă Rzsupppλ ´ µq and px ´ y, xq Ă Rzsupppµq. Thus,
x P R2. This however contradicts the assumption that x P Sntpµq˝. The other case is analogous. To
prove (2.9), we note that
|∆Mfpx, yq| ď 1
y
ˆ x`y
x´y
fptqdt ď 1
y
ˆ
R
fptqdt “ 1
y
,
since f ě 0 and f P ρλc,1pRq.
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In what follows it will be useful to define:
Definition 2.1.
f`R pxq :“ lim sup
hÑ0`
MRfpx, hq “ lim sup
hÑ0`
1
h
ˆ x`h
x
fptqdt (2.10)
f´R pxq :“ lim inf
hÑ0`
MRfpx, hq “ lim inf
hÑ0`
1
h
ˆ x`h
x
fptqdt (2.11)
f`L pxq :“ lim sup
hÑ0`
MLfpx, hq “ lim sup
hÑ0`
1
h
ˆ x
x´h
fptqdt (2.12)
f´L pxq :“ lim inf
hÑ0`
MLfpx, hq “ lim inf
hÑ0`
1
h
ˆ x
x´h
fptqdt. (2.13)
Lemma 2.2. Fix x P Sntpµq. Let
cpxq :“ maxt|f`R pxq ´ f´L pxq|, |f`L pxq ´ f´R pxq|u
Then for every ε ą 0 and every non-tangentially convergent sequence tun ` ivnun to x, such that tun `
ivnun Ă Γkpxq, there exists an N ą 0 and a constant C “ Cpε, x, kq, such that
vne
|Hvnfpunq| ď Cv1´cpxq´εn . (2.14)
If in particular x P Lf , then
vne
|Hvnfpunq| ď Cv1´εn . (2.15)
Finally, we have the identity
πHvfpuq “
ˆ `8
0
t
d
dt
ˆ
t
t2 ` v2
˙
∆Mfpu, tqdt. (2.16)
Proof. Assume that tun` ivnun is non-tangentially convergent to x. Then tun` ivnun Ă Γkpxq for some
k ą 0. An integration by parts gives
πHvnfpunq “
ˆ
R
tfpun ´ tqdt
t2 ` v2n
“
ˆ `8
0
t
t2 ` v2n
“
fpun ´ tq ´ fpun ` tq
‰
dt
“ ´
ˆ `8
0
d
dt
ˆ
t
t2 ` v2n
˙„ˆ t
0
“
fpun ´ sq ´ fpun ` sq
‰
ds

dt “
ˆ `8
0
t
d
dt
ˆ
t
t2 ` v2n
˙
∆Mfpun, tqdt.
Choose d “ maxt1, ku. Write,
πHvnfpunq “
ˆ dvn
0
t
d
dt
ˆ
t
t2 ` v2n
˙
∆Mfpun, tqdt`
ˆ `8
dvn
t
d
dt
ˆ
t
t2 ` v2n
˙
∆Mfpun, tqdt
“ Ipnq1 ` Ipnq2 . (2.17)
By Lemma 2.1
|Ipnq1 | ď
ˆ dvn
0
t
ˇˇˇˇ
d
dt
ˆ
t
t2 ` v2n
˙ˇˇˇˇ
dt “
ˆ dvn
0
t
ˇˇˇˇ
v2n ´ t2
pt2 ` v2nq2
ˇˇˇˇ
dt (2.18)
ď
ˆ dvn
0
d
vn
dt “ d2. (2.19)
Now consider I
pnq
2 so that t ě dvn ě kvn ą |un ´ x|. Then,
17
∆Mfpun, tq “ 1
t
„ˆ un`t
un
fpyqdy ´
ˆ un
un´t
fpyqdy

“ 1
t
„ˆ x`pun´xq`t
x`pun´xq
fpyqdy ´
ˆ x`pun´xq
x`pun´xq´t
fpyqdy

“ 1
t
„ˆ x`pun´xq`t
x
fpyqdy ´
ˆ x`pun´xq
x
fpyqdy ´
ˆ x
x`pun´xq´t
fpyqdy ´
ˆ x`pun´xq
x
fpyqdy

“ 1
t
„ pun ´ xq ` t
pun ´ xq ` t
ˆ x`pun´xq`t
x
fpyqdy ´ 2 pun ´ xqpun ´ xq
ˆ x`pun´xq
x
fpyqdy ´ t´ pun ´ xq
t´ pun ´ xq
ˆ x
x`pun´xq´t
fpyqdy

“ pun ´ xq ` t
t
MRfpx, pun ´ xq ` tq ´ 2 pun ´ xq
t
MRfpx, pun ´ xqq ´ t´ pun ´ xq
t
MLfpx, t´ pun ´ xqq.
If un ´ x ă 0, then similarly,
∆Mfpun, tq “ t´ px´ unq
t
MRfpx, t´ px ´ unqq ` 2 px´ unq
t
MLfpx, x´ unq ´ t` px´ unq
t
MLfpx, t` px´ unqq.
Let 0 ă ε ă 1. By definition, there exists an N “ Npεq and an h “ hpε, xq ă 1, such that
f´R pxq ´ ε ďMRfpx, pun ´ xq ` tq ď f`R pxq ` ε
f´R pxq ´ ε ďMRfpx, pun ´ xqq ď f`R pxq ` ε
f´L pxq ´ ε ďMLfpx, pun ´ xq ´ tq ď f`L pxq ` ε
whenever n ą N and dvn ă t ă h and un ´ x ě 0, and
f´R pxq ´ ε ďMRfpx, t´ px ´ unqq ď f`R pxq ` ε
f´L pxq ´ ε ďMLfpx, px´ unqq ď f`L pxq ` ε
f´L pxq ´ ε ďMLfpx, px´ unq ` tq ď f`L pxq ` ε
whenever n ą N and dvn ă t ă h and un ´ x ă 0. Thus, when un ´ x ě 0 and n ą N and dvn ă t ă h ,
∆Mfpun, tq ď pun ´ xq ` t
t
pf`R pxq ` εq ´ 2
pun ´ xq
t
pf´R pxq ´ εq ´
t´ pun ´ xq
t
pf´L pxq ´ εq
ď f`R pxq ´ f´L pxq ` 2ε`
pun ´ xq
t
pf`R pxq ` ε´ 2pf´R pxq ´ εq ` pf´L pxq ´ εqq
“ f`R pxq ´ f´L pxq ` 2ε`
pun ´ xq
t
pf`R pxq ´ 2f´R pxq ` f´L pxq ` 2εq
ď f`R pxq ´ f´L pxq ` 2ε`
6pun ´ xq
t
,
and
∆Mfpun, tq ě pun ´ xq ` t
t
pf´R pxq ´ εq ´ 2
pun ´ xq
t
pf`R pxq ` εq ´
t´ pun ´ xq
t
pf`L pxq ` εq
ě f´R pxq ´ f`L pxq ´ 2ε`
pun ´ xq
t
pf´R pxq ´ ε´ 2pf`R pxq ` εq ` pf`L pxq ` εqq
“ f´R pxq ´ f`L pxq ´ 2ε`
pun ´ xq
t
pf´R pxq ´ 2f`R pxq ` f`L pxq ´ 2εq
ě f´R pxq ´ f`L pxq ´ 2ε´
6pun ´ xq
t
.
If instead un ´ x ă 0, then whenever n ą N and dvn ă t ă h and ε sufficiently small, then similarly
∆Mfpun, tq ď f`R pxq ´ f´L pxq ` 2ε`
6px´ unq
t
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and
∆Mfpun, tq ě f´R pxq ´ f`L pxq ´ 2ε´
6px´ unq
t
Hence, changing ε to ε{2 in the calculation above we have for dvn ď t ă hpε, xq
|∆Mfpun, tq| ď cpxq ` ε` 6|un ´ x|
t
. (2.20)
Note that
ˇˇ
d
dt
`
t
t2`v2n
˘ˇˇ “ ´ d
dt
`
t
t2`v2n
˘
when t ě vn. With dvn ď t ď h, we can write
I
pnq
2 “
ˆ ˆ h
dvn
`
ˆ 1
h
`
ˆ `8
1
˙ˆ
´ t d
dt
ˆ
t
t2 ` v2n
˙
∆Mfpun, tq
˙
dt.
Use the estimate (2.20) for dvn ď t ď h, (2.8) for h ď t ď 1 and (2.9) for t ą 1. This gives
|Ipnq2 | “
ˆ h
dvn
ˆ
´ t d
dt
ˆ
t
t2 ` v2n
˙˙ˆ
cpxq ` ε` 6|un ´ x|
t
˙
`
ˆ 1
h
ˆ
´ t d
dt
ˆ
t
t2 ` v2n
˙˙
dt
`
ˆ `8
1
ˆ
´ d
dt
ˆ
t
t2 ` v2n
˙˙
.
We can now evaluate the integrals and use |un ´ x| ď kvn. Some straightforward estimates give
|Ipnq2 | ď pcpxq ` εq log
d
h2 ` v2n
pd2 ` 1qv2n
` 2` 6k
d
` log
d
R2 ` v2n
h2 ` v2n
.
Together with (2.17) and (2.18) this proves (2.14) together with an appropriate constant C “ Cpε, x, hq.
Finally, inequality (2.15) follows from the fact that cpxq “ 0 whenever x P Lf .
Remark 2.2. We note that inequality (2.14) is trivial whenever cpxq “ 1 since veπ|Hvfpuq| ď c˜, for some
positive constant c˜, whenever f P ρλc,1pRq.
The following Lemma is a similar to Lemma 2.2, but we only consider orthogonal limits. The estimate
we derive will not depend on some ε ą 0. This will be needed in the proof of Proposition 4.2.
Lemma 2.3. We have the estimate
veπ|Hvfpxq| ď cv1´∆mf pxq, (2.21)
for v ą 0, where c is a positive constant that does not depend on x.
Proof. Using (2.16), we get the estimate
π|Hvfpxq| ď sup
0ďtďv
|∆Mfpx, tq|
ˆ v
0
t
d
dt
ˆ
t
t2 ` v2
˙
dt` sup
vďtď1
|∆Mfpx, tq|
ˆ 1
v
´t d
dt
ˆ
t
t2 ` v2
˙
dt
`
ˆ 8
1
´t d
dt
ˆ
t
t2 ` v2
˙
|∆Mfpx, tq|dt.
Now using (2.8) in the first term, the definition of ∆mf pxq in the second expression and (2.9) in the last
expression to see that
π|Hvfpxq| ď C `∆mf pxq logpv´1q,
where C is a numerical constant.
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We will now consider the denominator sinpπPvfpuqq in (1.25) and (1.26). As will be shown in Lemma
2.5, the size of sinpπPvfpuqq can be estimated from below by 2d1`d2Mfpu, dvq for some arbitrary d ą 0,
rather than the quantity ∆Mfpu, vq as in Lemma 2.2.
Lemma 2.4. For any u P R and v ą 0,
0 ă Pvfpuq ă 1.
Proof. Clearly, Pvfpuq ą 0 since }f}1 “ 1 and fptq ě 0. Similarly, using that f has compact support so
that supppfq Ă r´R,Rs for R ą 0 sufficiently large, we get
Pvfpuq “ 1
π
ˆ
R
vfptqdt
pu´ tq2 ` v2 ď
1
π
ˆ R
´R
vdt
pu ´ tq2 ` v2 ă 1
since fptq ď 1.
Lemma 2.5. For any fixed d ą 0,
sinpπPvfpuqq ě d
1` d2 mintMfpu, dvq,Mp1´ fqpu, dvqu.
Proof. Using the inequality
sin t ě π
4
´ 1
4
|2t´ π|
valid for t P r0, πs, we get using Lemma 2.4,
sinpπPvfpuqq ě π
4
´ 1
4
|2πPvfpuq ´ π|.
We now use the inequality
v
pu´ tq2 ` v2 ě
1
1` d2
1
v
valid for t P ru´ dv, u` dvs and any fixed d ą 0, to get
πPvfpuq ě
ˆ u`dv
u´dv
vfptqdt
pu´ tq2 ` v2 ě
1
1` d2
1
v
ˆ u`dv
u´dv
fptqdt “ 2d
1` d2Mfpu, dvq,
and similarly,
πPvfpuq “ π ´ πPvp1´ fqpuq ď π ´ 2d
1` d2Mp1´ fqpu, dvq.
Since
|2πPvfpuqq ´ π| “
"
2πPvfpuq ´ π if Pvfpuq ě 12
π ´ 2πPvfpuq if Pvfpuq ă 12
,
π
4
´ 1
4
|2πPvfpuq ´ π| “
"
π
2
´ π
2
Pvfpuq if Pvfpuq ě 12
π
2
Pvfpuqq if Pvfpuq ă 12
ě
"
d
1`d2Mp1´ fqpu, dvq if Pvfpuq ě 12
d
1`d2Mfpu, dvq if Pvfpuq ă 12
ě d
1` d2 mintMfpu, dvq,Mp1´ fqpu, dvqu
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Lemma 2.6. Fix x P Sntpµq. Let
bpxq :“ 1
4
mint2´ f`R pxq ´ f`L pxq, f´R pxq ` f´L pxqu (2.22)
Consider a non-tangentially convergent sequence such that tun ` ivnun Ă Γkpxq and fix ε ą 0. Then,
sinpπPvnfpunqq ě
2k
1` 4k2 pbpxq ´ εq
for n sufficiently large.
Proof. By definition |un ´ x| ď kvn for all n. Choose d “ 2k in Lemma 2.5. Assume un ´ x ą 0. Then,
Mfpun, 2kvnq “ 1
4kvn
ˆ un`2kvn
un´2kvn
fptqdt “ 1
4kvn
ˆ x`pun´xq`2kvn
x`pun´xq´2kvn
fptqdt
ě 1
4kvn
ˆ x`kvn
x
fptqdt` 1
4kvn
ˆ x
x´kvn
fptqdt
ě 1
4
pMRfpx, kvnq `MLfpx, kvnqq
and the same estimate holds if un ´ x ă 0. Thus,
mintMfpun, kvnq,Mp1´ fqpun, kvnqu
ě 1
4
mintMRfpx, kvnq `MLfpx, kvnq,MRp1´ fqpx, kvnq `MLp1´ fqpx, kvnqu
ě bpxq ´ ε
whenever n ą N “ Npεq say. Then Lemma 2.5 implies that
sinpπPvnfpunqq ě
2k
1` 4k2 pbpxq ´ εq
whenever n ą N .
We now give a version of Lemma 2.6 for orthogonal limits that will be need in Proposition 4.2.
Lemma 2.7. Fix x P Sntpµq. Then, for any fixed δ ą 0
sinpπPvfpxqq ě 1
2
mint1´mδf pxq, 1 ´mδ1´f pxqu
for all 0 ă v ă δ.
Proof. Since
inf
0ăvăδ
Mfpx, vq “ 1´ sup
0ăvăδ
Mp1´ fqpx, vq ě 1´mδ1´f pxq,
and
inf
0ăvăδ
1´Mfpx, vq “ 1´ sup
0ăvăδ
Mfpx, vq ě 1´mδf pxq,
the result follows immediately from Lemma 2.5 with d “ 1.
Lemma 2.8. Fix x P Sntpµq. Then for every sequence tun ` ivnun Ă Γkpxq which converges non-
tangentially to x, we have for every ε ą 0 sufficiently small
|pχLpun, vnq ´ un, ηLpun, vnq ´ 1q| ď 1` 4k
2
2k
?
20Cv
1´cpxq´ε
n
bpxq ´ ε , (2.23)
where C is the same constant as in Lemma 2.2.
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Proof. From (1.25) and (1.26) we see that
| sinrπPvnfpunqs|2|pχLpun, vnq ´ unq, ηpun, vnqL ´ 1q|2
ď pe´πHvnfpunq ´ cospπPvnfpuqq2 ` peπHvnfpunq ` e´πHvnfpunq ´ 2 cospπPvnfpunqq2v2n
ď peπ|Hvnfpunq| ` 1q2 ` p2eπ|Hvnfpunq| ` 2q2v2n
ď 5p1` 3e2π|Hvnfpunq|qv2n
ď 20C2v2p1´cpxq´εqn
by Lemma 2.2, whenever n is sufficiently large. Hence, by Lemma 2.6,
|pχLpun, vnq ´ un, ηLpun, vnq ´ 1q| ď 1` 4k
2
2k
?
20Cv
1´cpxq´ε
n
bpxq ´ ε ,
if ε ă bpxq.
We conclude this section with a similar estimate as in Lemma 2.8, for orthogonal sequences, but where
the constant is independent of x.
Lemma 2.9. For every x P Sntpµq and δ ą 0, there exists a constant c ą 0 independent of x and δ, such
that
|pχLpx, vq ´ x, ηLpx, vq ´ 1q| ď 2
?
20cv1´∆mf pxq
mint1´mδf pxq, 1 ´mδ1´f pxqu
, (2.24)
whenever v ă δ.
Proof. Combining Lemma 2.3 and Lemma 2.6, a similar computation as in the proof of Lemma 2.8 gives
(2.24).
3 Regular Points
In this section we will discuss various sufficient criteria for a point to be regular and give examples of
cases where these occur. As we shall see, it is natural to distinguish between regular Lebesgue points
and regular non-Lebesgue points. This is due to the different behavior of Hvnfpunq and Pvnfpunq for
non-tangential sequences tun ` ivnun P H that converge to a regular point x, depending on whether x is
in the Lebesgue set or not.
3.1 Regular Lebesgue Points
We will first consider the cases when x belongs to the Lebesgue set of f . The following proposition may
be viewed as characterizing the typical case when a point x is regular:
Proposition 3.1. Assume that x P Sntpµq
Ş
Lf and that 0 ă fpxq ă 1. Then x is regular.
Proof. Since x belongs to the Lebesgue set of f we have by Lemma 2.2, that vne
π|Hvnfpunq| Ñ 0 for a
non-tangential sequence un ` ivn P H such such that limnÑ`8 un ` ivn “ x. Moreover, (see page 11)
lim
nÑ`8
Pvnfpunq “ fpxq
also holds for every such sequence. Hence
lim
nÑ8
vne
´πHvnfpunq ´ vn cospπPvnfpunqq
sinpπPvnfpunqq
“ 0
22
and
lim
nÑ8
vne
πHvnfpunq ` vne´πHvnfpunq ´ 2vn cospπPvnfpunqq
sinpπPvnfpunqq
“ 0
hold, which implies the claim by (1.25) and (1.26).
We now consider the remaining cases where fpxq “ 0 or fpxq “ 1.
Proposition 3.2. Assume that x P Sntpµq
Ş
Lf is in the Lebesgue set of f and that fpxq “ 0. Fur-
thermore, assume that
´
R
fptq
px´tq2 dt “ 8 and that Hvfpuq is non-tangentially bounded at x. Then x is
regular.
Proof. Since x belongs to the Lebesgue set of f and fpxq “ 0, we know that for every non-tangential
sequence tun ` ivnu`8n“1 Ă H we have limnÑ`8 Pvnfpunq “ 0. Moreover, suppu,vqPΓ1αpxq |Hvfpuq| “ dα ă
`8 by assumption. Consequently, for any non-tangential sequence tun ` ivnu8n Ă Γ1αpxq, such that
limnÑ8 un ` ivn “ x we have
lim
nÑ8
vn|eπ|Hvnfpunq| ´ cospπPvnfpunqq|
| sinpπPvnfpunqq|
ď lim
nÑ8
vn|eπdα ` 1|
vn
´
R
fptqdt
pun´tq2`v2n
“ 0
since by Fatou’s lemma `8 “ ´
R
fptq
px´tq2 dt ď lim infnÑ8
´
R
fptqdt
pun´tq2`v2n .
Example 3.1. Let fptq “ |t|χr´1{2,1{2sptq ` 34χr1{2,3{2sptq. Then t “ 0 satisfies the conditions of Propo-
sition 3.2.
Corollary 3.1. Assume that x P Sntpµq
Ş
Lf is in the Lebesgue set of f and that fpxq “ 1. Furthermore,
assume that
´
R
1´fptq
px´tq2 dt “ 8 and that Hvfpuq is non-tangentially bounded at x. Then x is regular.
Proof. We see that
sinpπPvfpuqq “ sinpπ ´ πPvp1´ fqpuqq “ sinpπPvp1´ fqpuqq.
Now, repeating the same argument as in the Proposition 3.2 for 1´ f gives the same result as before.
Example 3.2. Assume that for some δ ą 0 f ˇˇr´δ,δsptq “ t2χr´δ,0qptq` 1log t´1χr0,δsptq. Then f is continuous
at t “ 0, in particular t belongs to the Lebesgue set of f . However, since
ˆ δ
0
|fptq ´ fp´tq|dt
t
“
ˆ δ
0
dt
´t log t ´
ˆ δ
0
tdt “ `8,
we have that |Hpxq| “ `8. Therefore this example does not satisfy the assumptions of Proposition 3.2.
However, this example is covered by the following proposition:
Proposition 3.3. Assume that x P Sntpµq
Ş
Lf is in the Lebesgue set of f and that fpxq “ 0. Further-
more, assume that there exists constants c˜, 0 ă β ă 1 and δ ą 0 such that either
MRfpx, tq ě c˜tβ (3.1)
or
MLfpx, tq ě c˜tβ (3.2)
holds whenever t ď δ. Then x is regular.
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Proof. Let tun ` ivnun Ă Γkpxq be non-tangentially convergent to x. Using Lemma 2.5 with d “ 2k, a
similar computation as in Lemma 2.8 gives
|pχLpun, vnq ´ un, ηLpun, vnq ´ 1q| ď 1` 4k
2
k
?
20Cpεqv1´εn
MRfpx, kvnq `MLfpx, kvnq
ď 1` 4k
2
k
?
20Cpεqv1´εn
c˜kβv
β
n
“ 1` 4k
2
k
?
20Cpεqv1´ε´βn
c˜kβ
for every ε ą 0 sufficiently small. Choosing ε so small that 1 ´ ε ´ β ą 0 shows that |pχLpun, vnq ´
un, ηLpun, vnq ´ 1q| Ñ 0 as nÑ8.
Remark 3.1. We expect that the assumption that
´
R
fptqdt
px´tq2 “ `8 is sufficient for the point x to be
regular, irrespective of whether |Hvfpuq| is non-tangentially bounded at x or not. Moreover we note
that if f P Cλ,αc,1 pRq, then the set of points such that fpxq “ 0, x is a Lebesgue point and |Hvfpuq| is
non-tangentially unbounded, is empty. This is due to the fact that if f is locally Hölder continuous, the
so is Hf , which implies that |Hvfpuq| is non-tangentially bounded.
With this remark in mind we are lead to make the following conjecture:
Conjecture 3.1. Assume that x P Sntpµq is in the Lebesgue set of f and that fpxq “ 0. Furthermore,
assume that
´
R
fptqdt
px´tq2 “ `8. Then x is regular.
Remark 3.2. The situation in Proposition 4 is slightly special in the sense that the point x is regular
due to the fact that Hfpxq “ 0. If this is not the case then the point is singular by Proposition 5.4.
Proposition 3.4. Assume that x P Sntpµq
Ş
Lf . Furthermore, assume that Hfpxq “ 0 and that´
R
fptqdt
px´tq2 ă `8, or that
´
R
1´fptqdt
px´tq2 ă `8. Then x is regular. In particular this holds when f is
symmetric around x, that is if fpx´ tq “ fpx` tq for all t.
Proof. We consider the case when
´
R
fptqdt
px´tq2 ă `8. Note that this implies that fpxq “ 0 which in
turn implies that
´
R
fptqdt
|x´t| “
´
R
|fptq´fpxq|dt
|x´t| ă `8. However, by Remark 2.1 and our assumption that
Hfpxq “ 0, this implies that all non-tangential limits of Hvnfpunq converge to 0 at x. Thus, for every
non-tangential sequence tun ` ivnu`8n“1 Ă H we have
lim
nÑ8
|eπHvnfpunq ´ cospπPvnfpunqq| “ lim
nÑ8
|e´πHvnfpunq ´ cospπPvnfpunqq| “ 0.
Since
lim
nÑ8
vn
sinpπPvn ˚ fpunqq
“ 1´
R
fptq
px´tq2 dt
ă `8
the result follows.
Example 3.3. Let fptq “ t2χr´1,1sptq ` χr´1´1{6,´1sptq ` χr1,1`1{6sptq. Then x “ 0 satisfies the assump-
tions of Proposition 3.4.
3.2 Regular Non-Lebesgue Points
In this section we will provide sufficient conditions that can be used to show that certain non-Lebesgue
points are regular.
Proposition 3.5. Fix x P Sntpµq. Furthermore, assume that
cpxq “ mint|f`R pxq ´ f´L pxq|, |f`L pxq ´ f´R pxq|u ă 1
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and that
bpxq “ mint2´ f`R pxq ´ f`L pxq, f´R pxq ` f´L pxqu ą 0.
Then x is regular.
Proof. Let tun`ivnun Ă Γkpxq be non-tangentially convergent to x. Choose ε ą 0 so that 1´cpxq´ε ą 0
and bpxq ´ ε ą 0. Then Lemma 2.8 gives
|pχLpun, vnq ´ un, ηLpun, vnq ´ 1q| ď 1` 4k
2
2k
?
20Cpεqv1´cpxq´εn
bpxq ´ ε Ñ 0
as nÑ8.
We now give two examples where one can use Proposition 3.5 to conclude that a point px “ 0q, is regular.
The difference between the examples is that we will be able to use Proposition 4.2 to also conclude that
in the first example x “ 0 is also a generic point. In the second example however, out analysis in the
present paper is insufficient to determine whether x “ 0 is a generic point or not.
Example 3.4. Let fptq “ 1
2
| sinpt´1q|1{2χr´a,asptq, where a is chosen so that }f}1 “ 1. Since 0 ď
fptq ď 1{2 for all t P r´a, as, it follows that cp0q ă 1 and that f`R p0q “ f`L p0q ă 1. By symmetry of f ,
MRfp0, hq “ MLfp0, hq. Take h ą 0 sufficiently small, and choose an integer n, such that πpn ´ 1q ă
1{h ă πn. Then using that sin t ě 2
π
t when 0 ď t ď π{2
MRfp0, hq “ 1
2h
ˆ h
0
| sinpt´1q|1{2dt “ 1
2h
ˆ 8
h´1
| sinpxq|1{2 dx
x2
ą πn
2
8ÿ
k“n
1
π2pk ` 1q2
ˆ πpk`1q
πk
| sinpxq|1{2dx ą 1
2π
8ÿ
k“n
n
pk ` 1q2
ˆ π{2
0
?
2tdt
ą
?
π
6
n
ˆ 8
n`1
dx
x2
“
?
π
6
ą 0.
Hence, f´R p0q “ f´L p0q ą 0, which implies that bpxq ą 0. Thus, x is regular.
Example 3.5. Let In “ p2´pn`1q, 2´ns and let
fptq “
`8ÿ
k“1
ˆ
1´ 1
2k
˙
pχI2kptq ` χI2kp´tqq `
`8ÿ
k“1
1
2k ` 1 pχI2k`1ptq ` χI2k`1p´tqq ` χp1{2,asptq,
where a is chosen so that
´
R
fptqdt “ 1. One can show that
lim sup
hÑ0`
MRfp0, hq “ lim sup
hÑ0`
MLfp0, hq ď 3
4
ă 1.
Similarly, one can also show that
lim inf
hÑ0`
MRfp0, hq “ lim inf
hÑ0`
MLfp0, hq ě 1
4
ą 0.
Similarly, one can show that limhÑ0` Mfp0, hq does not exist. Hence, x “ 0 does not belong to the
Lebesgue set of f . However we see that f satisfies the conditions of Proposition 3.5. This implies that 0
is a regular point.
In this proposition we consider a particular case of when f jumps from 0 to 1 or 1 to 0 in mean.
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Proposition 3.6. Assume that x P Sntpµq˝ and that for some δ ą 0 we have either
fptq “ χrx,x`δsptq ` ϕptq piq or
fptq “ χrx´δ,xsptq ` ϕptq piiq.
Furthermore, assume that x belongs to the Lebesgue set of ϕ, ϕpxq “ 0 and that |Hϕpxq| “ `8. Then x
is a regular point.
Proof. We prove the proposition assuming piq holds. The case when piiq holds follows from case piq.
Fix an arbitrary k ą 0 and let tun ` ivnun P Γkpxq be an arbitrary non-tangential sequence such that
limnÑ`8 un ` ivn “ x. A computation gives
πPvnfpunq “
ˆ x`δ
x
vndt
pun ´ tq2 ` v2n
`
ˆ
R
vnϕptqdt
pun ´ tq2 ` v2n
“ arctan un ´ x
vn
´ arctan un ´ x´ δ
vn
` πPvnϕpunq.
Hence,
π
2
´ arctank ` op1q ď πPvnfpunq ď
π
2
` arctank ` op1q
since |un ´ x| ă kvn and limnÑ8 πPvnϕpunq “ 0 since x is a Lebesgue point of ϕ. This implies that
| sinpπPvnfpunqq| ě c´11 ą 0, for some constant c1. We now consider πHvnϕpunq. A simple modification
of the proof of Lemma 2.2 shows that for every ε P p0, 1q there exists a constant C “ Cpε, k, xq such that
|πHvnϕpunq| ď ε logpv´1n q ` C.
We now show that in fact πHϕpxq “ `8. By assumption ϕptq ď 0 for all t P rx, x ` δs and ϕptq ě 0
otherwise. Hence,
lim
vÑ0`
ˆ x`δ
x´δ
px´ tqϕptqdt
px´ tq2 ` v2 “ limvÑ0`
ˆ x`δ
x´δ
|px´ tqϕptq|dt
px´ tq2 ` v2 “ `8
by assumption and Lemma 1.2 in chapter VI in [14].
We now show that in fact we must have limnÑ8 πHvnϕpunq “ `8. Since x is in the Lebesgue set of ϕ,
we have
ˆ
R
pun ´ tqϕptqdt
pun ´ tq2 ` v2n
“ op1q `
ˆ
Rzrx´2|un´x|,x`2|un´x|s
pun ´ tqϕptqdt
pun ´ tq2 ` v2n
since ˇˇˇˇ ˆ x`2|un´x|
x´2|un´x|
pun ´ tqϕptqdt
pun ´ tq2 ` v2n
ˇˇˇˇ
ď k
vn
ˆ x`2kvn
x´2kvn
|ϕptq|dt “ op1q.
There exists a constant c ą 0, such that
|un ´ t|
pun ´ tq2 ` v2n
ě c|x´ t|
for all t P Rzrx´ 2|un ´ x|, x` 2|un ´ x|s. Consequently,
πHvnϕpunq ě op1q ` c
ˆ
Rzrx´2|un´x|,x`2|un´x|s
ϕptqdt
x´ t .
Since limεÑ0`
´
|x´t|ąε
ϕptqdt
x´t “ Hϕpxq “ `8, the result follows.
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A computation gives
πHvnfpunq “
ˆ x`δ
x
pun ´ tqdt
pun ´ tq2 ` v2n
`
ˆ
R
pun ´ tqϕptqdt
pun ´ tq2 ` v2n
“ log
a
pun ´ xq2 ` v2n ´ log
a
px` δ ´ unq2 ` v2n ` πHvnϕpunq
“ log
a
k2nv
2
n ` v2n ´ log
a
px` δ ´ unq2 ` v2n ` πHvnϕpunq
“ logpvnq ` log
a
k2n ` 1´ log
a
px` δ ´ unq2 ` v2n ` πHvnϕpunq
“ logpvnq ` πHvnϕpunq `Op1q,
where kn “ pun ´ xq{vn and |kn| ď k for all n. Hence,
lim
nÑ8
vn
!
e´πHvnfpunq ´ cospπPvnfpunqq
)
sinpπPvnfpunqq
“ lim
nÑ8
c1e
´πHvnϕpunq`Op1q “ 0.
and
lim
nÑ8
vn
!
eπHvnfpunq ` e´πHvnfpunq ´ 2 cospπPvnfpunqq
)
sinpπPvnfpunqq
“ lim
nÑ8
c1v
2
ne
πHvnϕpunq`Op1q ` c1e´πHvnϕpunq`Op1q
“ lim
nÑ8
c1v
2
ne
ε log v´1n `C`Op1q ` c1e´πHvnϕpunq`Op1q “ 0.
This concludes the proof.
Example 3.6. Assume that for some δ ą 0 f ˇˇr´δ,δsptq “ p1 ´ t2qχr´δ,0qptq ` 1log t´1χr0,δsptq. Then t “ 0
satisfies the assumptions of Proposition 3.6.
Remark 3.3. We note that if f P Cλ,αc,1 pRq then the set of points which satisfies the assumptions of
Proposition 3.6 is empty.
4 Generic Points
4.1 Generic Points Are Dense
Proposition 4.1. Define the set G Ă Sntpµq˝ “ psupppµq X supppλ ´ µqq˝ according to
G :“ Sntpµq˝
č
Lf
č
LmHf
č
tt P R : 0 ă fptq ă 1u (4.1)
Then every x P G is regular, and G is dense in Sntpµq˝. Furthermore, for every interval I Ă Sntpµq˝,
|GŞ I| “ λpGŞ Iq ą 0. If in addition the inequality 0 ă fptq ă 1 holds almost everywhere in Sntpµq˝,
then almost every x P Sntpµq˝ belongs to G.
Proof. By Proposition 3.1 every x P G is regular, and since G is the finite intersection of measurable sets,
G is measurable. Since f,mHf P L1locpRq it follows that almost every x P Sntpµq˝ belongs to Lf
Ş
LmHf .
Let X “ Sntpµq˝
Ştt P R : 0 ă fptq ă 1u. By Hypothesis 1.2, λpGŞ Iq ą 0 for every interval I Ă
Sntpµq˝, thus in particular I
Ş
G ‰ ∅. This proves that G is dense in Sntpµq˝. Finally, if the inequality
0 ă fptq ă 1 holds almost everywhere in Sntpµq˝, then λpX
Ş
Lf
Ş
LmHf
Ş
Sntpµq˝q “ λpSntpµq˝q.
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Remark 4.1. We believe that Hypothesis 1.2 is not necessary. That is, we believe that if Hypothesis
1.2 is not true, then Proposition 4.1 remains true if the set G is changed to
G “ Sntpµq˝
č
Lf
č
LmHf
čˆ
Sntpµq˝z
ˆ"
x :
ˆ
R
fptqdt
px´ tq2 ă `8
*ď"
x :
ˆ
R
1´ fptqdt
px´ tq2 ă `8
*˙˙
.
This change of typical set however, would require a substantial change of Lemma 4.1.
We now give a lemma which will be useful for proving that BLpxq “ tpx, 1qu for a typical set in Sntpµq˝.
Lemma 4.1. Assume that x P G. Then there exists sequences trnun Ă G and tlnun Ă G, such that
x ă rn`1 ă rn and ln`1 ą ln ą x for all n and limnÑ8 rn “ limnÑ8 ln “ x. Moreover
maxtsup
n
mHf prnq, sup
n
mHfplnqu ă `8 (4.2)
and
mintinf
n
fprnq, inf
n
p1´ fprnqq, inf
n
fplnq, inf
n
p1 ´ fplnqqu ą 0. (4.3)
Proof. Since 0 ă fpxq ă 1 we can take ε ą 0 so that 0 ă fpxq ´ ε ă fpxq ` ε ă 1, and since
x P Lf
Ş
LmHf , there exists an δ “ δpε, xq such that
1
h
ˆ x`h
x
|fptq ´ fpxq|dt ă ε
2
(4.4)
1
h
ˆ x`h
x
|mHf ptq ´mHf pxq|dt ă ε
2
(4.5)
whenever h ă δ. Now, assume that
lim inf
hÑ0`
|tt P rx, x` hs : |fptq ´ fpxq| ă εu|
h
“ 0.
Then there exists a sequence thkuk such that limkÑ8 hk “ 0 and |ttPrx,x`hks:|fptq´fpxq|ăεu|hk ă ε{2. Conse-
quently, |tt P rx, x` hks : |fptq ´ fpxq| ě εu| ě hkp1´ ε{2q, and so
1
hk
ˆ x`hk
x
|fptq ´ fpxq|dt ě εp1´ ε{2q ą ε
2
for all k since ε ă 1{2. However, this contradicts (4.4). Therefore, let
inf
0ăhăδ
h´1|tt P rx, x` hs : |fptq ´ fpxq| ă εu| “ d ą 0.
Recall the John-Nirenberg inequality (2.7) and choose an N so large that
c1 exp
ˆ
´ c2 N}mHf}BMO
˙
ă d
4
.
Then
|tt P rx´ h, x` hs : |mHf ptq ´mHf pxq| ą N ` εu|
2h
ď d
4
so that
|tt P rx, x` hs : |mHf ptq ´mHf pxq| ď N ´ εu| ě h´ dh
2
,
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where we have used that if |mHf ptq ´MmHf px, hq| ą N then |mHf ptq ´ mHf pxq| ą N ` |mHf pxq ´
MmHfpx, hq| ą N ` ε by (4.5). Therefore, by Lemma 6.4
|tt P rx, x` hs : |mHfptq ´mHf pxq| ď N ´ εu
č
tt P rx, x` hs : |fptq ´ fpxq| ă εu| ě dh
2
for every 0 ă h ă δ. Fix an 0 ă h0 ă δ and choose an r0 in tt P px, x ` h0q : |mHfptq ´ mHf pxq| ď
NuŞ |tt P px, x`h0q : |fptq´fpxq| ă εu|. Now take h1 ă mintr0, h0{2u, and choose r1 in tt P px, x`h1q :
|mHf ptq ´mHf pxq| ď Nu
Ştt P px, x` h1q : |fptq ´ fpxq| ă εu. Iteration of this process gives a sequence
trnun with the desired properties since N is fixed, fprnq ą fpxq ´ ε and 1´ fprnq ą 1´ pfpxq ` εq ą 0.
A similar argument as above also yields the sequence tlnun.
We now want to consider the question of whether we can determine BLpxq whenever x P Sregnt pµq. Recall
Lemma 2.5 in [2], where we showed that if x P Sntpµq˝ and there exists a neighborhood Nx of x such that
sup
tPNx
tfptq, 1´ fptqu ă 1, (4.6)
then BLpxq “ tpx, 1qu. Note that if the density f P Cλ,αc,1 pRq, then every point x P Sntpµq˝ for which 0 ă
fpxq ă 1 satisfies this condition. If condition (4.6) is not satisfied for x P Sregnt pµq˝, then it is considerably
harder to prove that BLpxq “ tpx, 1qu. The reason is the following: Even though for some point x, one
knows that for every point x1 in a neighborhood Nx of x one has that limnÑ`8pχLpwnq, ηLpwnqq “ px1, 1q
whenever twnun is a non-tangential sequence such that limnÑ`8 wn “ x1, this does not necessarily imply
that BLpxq “ tpx, 1qu. The difficulty comes from the fact that tangential limits also have to be considered.
The next example illustrates the difficulty.
Example 4.1. Let
ϕpx, yq “ e16{x8 exp
"
´ 1py ´ x2qpy ´ 2x2q
*
χx2ăyă2x2px, yq.
Then ϕ P C8pHq, and supppϕq “ tpx, yq P H : x2 ď y ď 2x2u. Moreover, for every non-tangential limit
twnun P H, such that limnÑ8wn “ x, we have limnÑ8 ϕpwnq “ 0. However, limxÑ0` ϕpx, 3x2{2q “ 1.
Hence, ϕ R CpHq.
The argument that is missing in order to conclude that for a regular point x P Sregnt pµq, one has BLpxq “
tpx, 1qu, is that if one for example specialize to orthogonal limits, then one need that limvÑ0`pχLpy, vq, ηLpy, vqq “
py, 1q uniformly, for every y in a compact neighborhood of x. We now prove that this is sufficient.
Lemma 4.2. Assume that x P Sntpµq˝ “ psupppµq X supppλ ´ µqq˝ is regular. Furthermore, assume
that there exists sequences of regular points trnun and tlmum such that rn ą x and rm ă x for all n,m,
and such that limnÑ8 rn “ limmÑ8 lm “ x, and such that limvÑ0`pχprn, vq, ηprn, vqq “ prn, 1q and
limvÑ0`pχLplm, vq, ηLplm, vqq “ plm, 1q uniformly for all n,m. Then x is generic. More exactly, for any
sequence un ` ivn P H such that limnÑ`8 un ` ivn “ x,
lim
nÑ`8
pχLpun, vnq, ηLpun, vnqq “ px, 1q.
Proof. By possibly passing to a subsequence, we may assume that the sequence twlul is tangential and
that ul ą x for all l. According to the assumptions, there exists a sequence of regular points trnu such
that rn ą x and limnÑ8 rn “ x, and limvÑ0`pχLprn, vq, ηLprn, vqq “ prn, 1q uniformly for all n. In
particular, for every ε ą 0 sufficiently small, there exists a δ “ δpεq, such that
|pχLprn, vq ´ rn, ηLprn, vq ´ 1q| ă ε whenever v ă δ for all n. Choose k ă ε{pr1 ´ xq and consider the
non-tangential line tt` ikt : t P p0,`8su. Since x is regular, it follows that limtÑ0`pχLpx` t, ktq, ηLpx`
t, ktqq “ px, 1q. Consider the sequence of open sets Xpkqn defined according to
Xpkqn :“ tpu, vq P H : x ă u ă rn, 0 ă v ă kpu´ xqu.
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Then wl P Xpkqn whenever l ą L, for some L “ Lpnq. Moreover, pχLpwlq, ηLpwlqq P W´1L pXpkqn q since the
map WL is a homeomorphism. Then,
|pχLpwlq ´ x, ηLpwlq ´ 1q| ď dppx, 1q,W´1L pXpkqn qq “ dppx, 1q, BW´1L pXpkqn qq
whenever l ą Lpnq. Note that d denotes the Hausdorff distance between sets, that is, if X,Y Ă R2, then
dpX,Y q “ maxtsup
xPX
inf
yPY
|x´ y|, sup
yPY
inf
xPX
|x´ y|u.
Let Tn be the closed region, whose boundary BTn, can be decomposed into three components according
to
BT 1n “ tpt, 1q : x ď t ď rnu
BT 2n “ tpχLpx ` t, ktq, ηLpx` t, ktqq : t P p0, rn ´ xqu
BT 3n “ tpχLprn, tq, ηLprn, tqq : t P p0, kprn ´ xqsu
See figure 3 and 4. Since all trnun and x are regular points and W´1L is a homeomorphism it follows
that BT 2n Y BT 3n Ă BW´1L . Again, since W´1L is a homeomorphism and Tn is a closed set it follows that
W´1
L
pXpkqn q Ă Tn. First note that by assumption on the sequence trnun, there exists an N1 “ N1pεq such
that rn ´ x ă ε, whenever n ą N1. Hence,
dppx, 1q, BT 1nq ă ε
whenever n ą N1. By the assumption that x was regular, there exists an N2 “ N2pεq, such that
dppx, 1q, BT 2nq ă ε
whenever n ą N2. Finally, as discussed above by the assumption of uniform convergence,
dppx, 1q, BT 3nq ă ε
for all n. Take N “ maxtN1, N2u, and take n ą N and l ą LpNq, then
|pχLpwlq ´ x, ηLpwlq ´ 1q| ď dppx, 1q, BTnq ă ε
Since ε ą 0 was arbitrary, this implies that limlÑ8 |pχLpwlq ´ x, ηLpwlq ´ 1q| “ 0, and the proof is
complete.
rnln rn`k
pun, vnq
Figure 3: The region X
pkq
n is depicted above. The red dots represents the positions of the sequence
tun ` ivnu`8n“1
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px, 1q
pχ, ηq
prn, 1qprn`k, 1qpln, 1q
a
px´ χq2 ` p1´ ηq2
Figure 4: Depiction of the set Tn. The dots represent the images of the tangential sequence under the
homeomorphism W´1
L
.
We now show that all points in the set G defined in Proposition 4.1 are generic.
Theorem 4.1. Assume that x P G. Then BLpxq “ tpx, 1qu.
Proof. Let x P G. Take sequences trnun Ă G and tlnun Ă G as in Lemma 4.1 and N, ε ą 0 such that
sup
n,k
tsup
vą0
|Hvfprnq|, sup
vą0
|Hvfplkq|u ă N (4.7)
and
mintinf
n
mintfprnq, 1 ´ fprnqu, inf
k
mintfplkq, 1´ fplkquu ą ε. (4.8)
Assume that u P X :“ ŤntrnuŤtxuŤntlnu. Then an integration by parts gives
v´1πPvfpuq “ 2
ˆ `8
´8
pt´ uq
ppt´ uq2 ` v2qq2
ˆ t
u
fpt1qdt1dt
ě
ˆ `8
u
pt´ uq2
ppt´ uq2 ` v2qq2 pMRfpu, t´ uqχtąuqdt.
Since u P X Ă G, and thus in particular x P Lf
Ştt P Sntpµq : 0 ă fptq ă 1u, there exists a δ “ δpuq
such that mintMRfpu, t´ uq,MRp1´ fqpu, t´ uqu ě ε{2 whenever |t´ u| ă δ. This implies that
mintv´1Pvfpuq, v´1Pvp1´ fqpuqu ě ε
2π
ˆ δ
u
pt´ uq2
ppt´ uq2 ` v2qq2 dtÑ `8 (4.9)
as v Ñ 0`. We get from (1.25) and (1.26)
| sinrπPvfpuqsq|2|pχLpu, vq ´ u, ηLpu, vq ´ 1q|2
“ v2`e´Hvfpuq ´ cospπPvfpuq˘2 ` v2`eHvfpuq ` e´Hvfpuq ´ 2 cospπPvfpuq˘2
ď v2p1` e|Hvfpuq|q2 ` v2p2e|Hvfpuq| ` 2q2 ď 20v2e2Nv2,
by (4.7). Since sinpπPvfpuqq ě π2 mintPvfpuq, Pvp1 ´ fqpuqu,
|pχLpu, vq ´ u, ηLpu, vq ´ 1q| ď
?
20veN
vmintπPvfpuq, πPvp1 ´ fqpuqu
“
?
20eN
mintv´1πPvfpuq, v´1πPvp1´ fqpuqu :“ gvpuq. (4.10)
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We now show that gvpuq is an increasing function in v for each u. We must show that
mintv1´1πPv1fpuq, v1´1πPv1p1´ fqpuqu ă mintv´1πPvfpuq, v´1πPvp1 ´ fqpuqu
is a decreasing function in v. Since both v´1πPvfpuq and v´1πPvp1 ´ fqpuq are decreasing functions in
v, Lemma 6.2 shows that mintv´1πPvfpuq, v´1πPvp1´ fqpuqu is decreasing. Thus gvpuq is an increasing
function in v for all x P X .
Note that by (4.10), gvpuq Ñ 0 as v Ñ 0` for all u P X . We now show that gvpuq is continuous function
for all fixed v. It is sufficient to show that for some sequence trmnun such that limnÑ8 rmn “ x we have
limnÑ8 gvprmnq “ gvpxq. However, this follows immediately from the fact that Pvpuq is a continuous
function on H. Since X is compact in the subspace topology from R and 0 is a continuous function
on X , it follows by Dini’s theorem that gvpuq Ñ 0 as v Ñ 0` uniformly on X . The estimate (4.10)
then shows that pχLpu, vq, ηLpu, vqq Ñ pu, 1q uniformly on X . Hence, by Lemma 4.2, it follows that
BLpxq “ tpx, 1qu.
4.2 Sufficient Conditions for Points to be Generic
We now give a proposition, which provides a sufficient condition for when the assumptions of Lemma 4.2
are satisfied.
Proposition 4.2. Assume that x P Sntpµq˝, and that the density f at x satisfies the assumptions of
Proposition 3.5, so that x is regular. Furthermore, assume that there exists a δ ą 0, and sequences
of regular points trnun and tlnu, such that rn ą x and ln ă x for all n, and such that limnÑ8 rn “
limnÑ8 ln “ x. Furthermore, assume that
maxtsup
n
∆mf prnq, sup
n
∆mf plnqu “ m1 ă 1 (4.11)
and for some δ ą 0
mintsup
n
maxt1´mδf prnq, 1´mδ1´f prnqu, sup
n
maxt1´mδf plnq, 1 ´mδ1´fplnquu “ m2 ą 0. (4.12)
Then limnÑ8pχLprn, vq, ηLprn, vqq “ px, 1q and limnÑ8pχLpln, vq, ηLpln, vqq “ px, 1q uniformly, and by
Lemma 4.2 it follows that BLpxq “ tpx, 1qu.
Proof. We may assume that v ă δ. By (4.11) and (4.12) and Lemma 2.9, we have
maxtsup
n
|pχLprn, vq ´ rn, ηLprn, vq ´ 1q|, sup
n
|pχLpln, vq ´ rn, ηLpln, vq ´ 1q|u ď 2
?
20cv1´m1
m2
This completes the proof.
Example 4.2. Consider the density in Example 3.4. We had fptq “ 1
2
| sin t´1|1{2χr´a,asptq, where a was
chosen so that
´
R
fptqdt “ 1. In Example 3.4, we showed that f satisfied the assumptions of Proposition
3.5 at x “ 0, which implied that 0 was a regular point. We now show that 0 is also a generic point. Since
0 ď fptq ď 1{2 for all t P r´a, as, it follows that ∆mf pxq ď 1{2 and Mfpx, hq ď 1{2 for all x and h ą 0.
Choose rn “ pπ{2 ` πnq´1 and ln “ pπ{2 ´ πnq´1 for n ą 0. Fix any h ą 0 and let m be the integer
such that π{2` πpm´ 1q ă prn` hq´1 ă π{2` πm. In particular we note that m ď n. We now estimate
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Mfprn, hqp“Mpln, hqq from below. If m ă n, then
Mfprn, hq “ 1
4h
ˆ rn`h
rn´h
| sin t´1|1{2dt ą 1
4h
ˆ rn`h
rn
| sin t´1|1{2dt “ 1
4h
ˆ r´1n
prn`hq´1
| sin s|1{2 ds
s2
ą 1
4prm ´ rnq
ˆ r´1n
r´1m
| sin s|1{2 ds
s2
ě 1
4prm ´ rnq
n´1ÿ
k“m
1
r´2k`1
ˆ r´1
k`1
r´1
k
| sin s|1{2ds
ě 1
4prm ´ rnq
n´1ÿ
k“m
1
r´2k`1
ˆ π{2
0
?
π´1sds “ 1
8prm ´ rnq
n´1ÿ
k“m
1
pπ{2` πpk ` 1qq2
ě 1
8
πmn
pn´mq
ˆ n
m
dx
π2px` 3q2 ě
1
4π
mn
pn´mq
pn´mq
pn` 3qpm` 3q “
1
4π
nm
pn` 3qpm` 3q
ě 1
128π
.
If on the other hand m “ n, then if π{2
πnpπn`π{2q ă h ď ππ2n2`π2{4 then
Mfprn, hq ą 1
4h
ˆ r´1n
prn`hq´1
| sin t|1{2dt ą π
2n2 ` π2{4
4π
ˆ π{2`πn
πn
|t´ πn|1{2
t2
dt
ą π
2n2 ` π2{4
4π
1
pπn` π{2q2
ˆ π{2`πn
πn
π´1{2|t´ πn|1{2dt ą
ˆ
1
4π
` op1q
˙
1
2
“ 1
8π
` op1q ą 0
and if then 0 ă h ă π{2
πnpπn`π{2q , then
Mfprn, hq ą 1
4h
ˆ r´1n
prn`hq´1
| sin t|1{2dt ą π
´1{2
4h
ˆ r´1n
prn`hq´1
|t´ πn|1{2
t2
dt
ą π
´1{2
4h
„
arctan
a
1´ t{pπnq?
πn
´
?
t´ πn
t
r´1n
prn`hq´1
“ π
´1{2
4h
"
prn ` hq
a
prn ` hq´1 ´ πnq ´ rn
a
r´1n ´ πn
*
` op1q ą π
´1{2
4h
h
?
π?
2
` op1q “ 1
4
?
2
` op1q ą 0
Hence, f satisfies the assumptions of Proposition 4.2 at x “ 0, which implies that 0 is a generic point.
Example 4.3. Consider the density in Example 3.5, where
fptq “
`8ÿ
k“1
ˆ
1´ 1
2k
˙
pχI2kptq ` χI2kp´tqq `
`8ÿ
k“1
1
2k ` 1 pχI2k`1ptq ` χI2k`1p´tqq ` χp1{2,asptq,
and where In “ p2´pn`1q, 2´ns, and where a is chosen so that
´
R
fptqdt “ 1. If for any sequence trnun
we have that rn P p2´pn`1q, 2´nq, then for any h ą 0 sufficiently small we have
Mfpr2n, hq “ 1´ 1
2n
and
Mfpr2n`1, hq “ 1
2n` 1 .
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This implies that infnMfprn, hq,Mp1´ fqprn, hq “ 0. Therefore condition (4.12) is violated. If we on
the other hand choose rn “ 2´n, then h ą 0 for sufficiently small
|∆Mfprn, hq| ě 1´ 1
n
.
Hence, supn |∆Mfprn, hq| “ 1 which violates condition (4.11). Therefore the assumptions of Proposition
4.2 are never satisfied and we are unable to conclude that BLp0q “ tp0, 1qu by the methods developed in
this paper. This is due to the fact that the estimate of Lemma 2.3 is too rough.
Proposition 4.3. Assume that x P Lf X Sntpµq˝, fpxq “ 0,
´
R
px´ tq´2fptqdt “ `8 and that Hvpuq is
tangentially bounded at x. If in addition we assume that x P LHf , then BLpxq “ tpx, 1qu. In particular,
this holds when f P Cλ,αc,1 pRq.
Proof. By Proposition 3.2, x is regular. Using that the setG is dense in Sntpµq˝, an analogous argument as
in Lemma 4.1 shows that there exists sequences trnun Ă G and tlnun Ă G, satisfying the same properties
as in Lemma 4.1, except that infn,ktfprnq, fplkqu “ 0, (since fpxq “ 0 by assumption). Similarly to
the proof of Theorem 4.1 one can show that limvÑ0` mintvπPv ˚ fpuq, vπPv ˚ p1 ´ fqpuqu “ `8 for all
u P X , where X is as in the proof of Theorem 4.1. Therefore, a completely analogous proof gives that
BLpxq “ tpx, 1qu.
Theorem 4.2. Assume that for all x P Sntpµq, BLpxq “ tpx, 1qu. Then the homeomorphism WL : LÑ H
extends to a homeomorphism WL : LÑ H
Proof. Recall Theorem 2.3 in [2], which states that the map W´1
E
: R Ñ E is a bijective real analytic
parametrization of E Ă BL such that W´1
E
pRq “ E and W´1
E
ptq “ pχEptq, ηE ptqq. Moreover, for every
twnun Ă H such that wn Ñ t as n Ñ 8, limnÑ8pχLpwnq, ηLpwnqq “ pχEptq, ηE ptqq. Recall that R is an
open set. Let x P BR. Fix ε ą 0 and let twnun be any sequence such that un “ Rerwns P R for all n. By
choosing Imrwns “ vn sufficiently small, we can assume that |pχLpwnq ´ χEpunq, ηLpwnq ´ ηEpunqq| ă ε
for all n ą N say. Since ε ą 0 was arbitrary, the assumption that BLpxq “ tpx, 1qu implies that
limtÑx
tPR
pχE ptq, ηEptqq “ px, 1q. It follows that BL “ E
ŤpSntpµqˆ t1uq. Moreover, the map W´1BL : RÑ BL
defined through
W´1BL ptq “
"
W´1
E
ptq if t P R
pt, 1q if t P Sntpµq
is continuous and injective. Hence BL is a simple curve. This implies that the homeomorphism WL :
LÑ H extends to a homeomorphism WL : LÑ H.
4.3 Generic Points of BSisont pµq and The Edge E
In this section we will consider the limits limtÑx χEptq and limtÑx ηEptq when x P BSisont pµq and x is a
regular point. In particular we want to show that in many cases limtÑxpχE ptq, ηEptqq “ px, 1q and that
BLpxq “ tpx, 1qu. Recall that the parametrization (1.14) of the edge E is given by
χEptq “ t` 1´ e
´Cptq
C 1ptq
ηEptq “ 1` e
Cptq ` e´Cptq ´ 2
C 1ptq
for t P Rµ, where
Cptq “
ˆ
R
fpyqdy
t´ y .
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Proposition 4.4. Assume that x P BSisont pµq and that x belongs to the Lebesgue set of f . Furthermore
assume that Hfpxq exists, |Hfpxq| ă `8 and that ´
R
fpyqdy
px´yq2 “ `8 if x P BS0RYBS0L and
´
R
p1´fpyqqdy
px´yq2 “
`8 if x P BS1R Y BS1L. Then
lim
tÑx
tPR
pχE ptq, ηEptqq “ px, 1q
and
BLpxq “ tpx, 1qu.
In particular, this holds if f P Cλ,αc,1 pRq.
Proof. We consider the case where x P BS0R, in which case fpxq “ 0. The other cases follow similarly.
Since x P BS0r , there exists a δ ą 0, such that f ” 0 for all x P rx, x` δs. By definition,
Hfpxq “ lim
εÑ0`
ˆ x´ε
´8
fptqdt
x´ t `
ˆ `8
x`δ
fptqdt
x´ t
“
ˆ x
´8
fptqdt
|x´ t| ´
ˆ `8
x`δ
fptqdt
|x´ t| .
Since
´ `8
x`δ
fptqdt
|x´t| ă `8 and |Hfpxq| ă `8 it follows that
´
R
fptqdt
|x´t| ă `8. By Lebesgue’s dominated
convergence theorem it follows that limtÑx` Cptq “ Hfpxq. By assumption,
´
R
fpyqdy
px´yq2 “ `8. Hence, by
Fatou’s lemma
lim
tÑx`
´C 1ptq “ lim
tÑx`
ˆ
R
fpyqdy
pt´ yq2 “ `8.
Hence,
lim
tÑx`
χEptq “ lim
tÑx`
t` 1´ e
´Cptq
C 1ptq “ x
lim
tÑx`
ηEptq “ lim
tÑx
1` e
Cptq ` e´Cptq ´ 2
C 1ptq “ 1.
Now, assume that twnun P H is a sequence such that limnÑ8 wn “ x, and such that Rerwns “ un ě x.
Since x P BS0R by assumption, there exists a δ ą 0, such that fptq “ 0 for t P px, x`2δq and consequently,
since |Hfpxq| ă `8, we have ´
R
fptqdt
|x´t| ă `8. We may assume that un ď x` δ for all n. Using that
|un ´ t|
pun ´ tq2 ` v2n
ď 1|x´ t|
for t P p´8, xs which implies that
ˆ x
´8
|un ´ t|fptqdt
pun ´ tq2 ` v2n
ď
ˆ x
´8
fptqdt
|x´ t| ,
and the fact that
sup
ną0
"ˆ 8
x`2δ
|un ´ t|fptqdt
pun ´ tq2 ` v2n
*
“ C ă `8,
we conclude that π|Hvnfpunq| ď π|Hfpxq| ` C. A similar estimate as in Lemma 2.9 gives
|pχLpwnq ´ un, ηLpwnq ´ 1q| ď 2
?
5p1` eπ|Hfpxq|`Cq´
R
fptqdt
pun´tq2`v2n
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Since
ˆ
R
fptqdt
pun ´ tq2 ` v2n
ě min
"ˆ
R
fptqdt
2pun ´ tq2 ,
ˆ
R
fptqdt
2v2n
*
,
and
lim
nÑ8
min
"ˆ
R
fptqdt
2pun ´ tq2 ,
ˆ
R
fptqdt
2v2n
*
“ `8,
limnÑ8pχLpwnq, ηLpwnqq “ px, 1q. Now assume that twnun Ă H such that limnÑ8 wn “ x and Rerwns ď
x. By Lemma 6.1, Hvfpuq is non-tangentially bounded at x. An identical argument as in Proposition
4.3 shows that limnÑ8pχpwnq, ηpwnqq “ px, 1q. Hence BLpxq “ tpx, 1qu.
Proposition 4.5. Assume that x P BSisont pµq and that x R Lf . Furthermore assume that:
• If x P BS0R then 0 ă f´L pxq ď f`L pxq ă 1.
• If x P BS0L then 0 ă f´R pxq ď f`R pxq ă 1.
• If x P BS1R then 0 ă f´L pxq ď f`L pxq ă 1.
• If x P BS1L then 0 ă f´R pxq ď f`R pxq ă 1.
Then,
lim
tÑx
tPR
pχEptq, ηE ptqq “ px, 1q.
Moreover, if x P BS0RYBS1R, then for every sequence twnun P H, such that limnÑ8 wn “ x and Rerwns ě x
lim
nÑ8pχLpwnq, ηLpwnqq “ px, 1q.
If on the other-hand x P BS0L Y BS1L, then for every sequence twnun P H, such that limnÑ8 wn “ x and
Rerwns ď x
lim
nÑ8
pχLpwnq, ηLpwnqq “ px, 1q.
Finally, if we assume that f satisfies the right-sided or left-sided versions of the conditions of Proposition
4.2, then BLpxq “ tpx, 1qu. In particular this holds when f P Cλ,αc,1 pRq.
Proof. Consider the case where x P BS0R. The other cases follow similarly. Then, by assumption there
exists a δ ą 0 such that fptq “ 0 for t P px, x ` 2δq. Moreover, since 0 ă f´L pxq ď f`L pxq ă 1 by
assumption, there exists an ε ą 0 such that
MLfpx, hq ă f`L pxq ` ε ă 1
and
MLfpx, hq ą f´L pxq ´ ε ą 0
for all 0 ă h ă H , for some H ą 0. Let p` “ f`L pxq ` ε and p´ “ f´L pxq ´ ε. Then
|Cptq| “
ˆ x
´8
fpyqdy
t´ y `
ˆ `8
x`2δ
fpyqdy
y ´ t
ď
ˆ x
´8
fpyqdy
t´ y ` c1
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for all t P px, x ` δq, where c1 ą 0 is a constant. An integration by parts gives
ˆ x
´8
fpyqdy
t´ y “
ˆ x
´8
1
pt´ yq2
ˆ x
y
fpsqdsdy
“
ˆ x
´8
px´ yq
pt´ yq2MLfpx, x´ yqdy
ď
ˆ x´H
´8
px ´ yq
px´ yqpt´ yq2 dy `
ˆ x
x´H
px´ yq
pt´ yq2 dy
ď
ˆ x
x´H
1
pt´ yqdy ` c2
ď ´p` logpt´ xq ` c3,
where c2 and c3 are positive constants independent of t, and where we have used the inequalityMLfpx, x´
yq ď 1
x´y for all y ă x from Lemma 2.1. Thus
|Cptq| ď ´p` logpt´ xq ` c1 ` c3.
We now estimate C 1ptq. An integration by parts yields
|C 1ptq| ě
ˆ x
´8
fpyqdy
pt´ yq2 “
„ ´1
pt´ yq2
ˆ x
y
fpsqds
x
´8
`
ˆ x
´8
2
pt´ yq3
ˆ x
y
fpsqdsdy
“ 2
ˆ x
´8
px´ yq
pt´ yq3MLfpx, x´ yqdy ě 2p
´
ˆ x
x´H
px ´ yq
pt´ yq3 dy “ p
´
„
t` x´ 2y
pt´ yq2
x
x´H
ě p
´
t´ x ´ p
´ t´ x` 2H
pt´ x`Hq2 .
Note that
p´
t´ x ´ p
´ t´ x` 2H
pt´ x`Hq2 ą 0 whenever |t´ x| sufficiently small. This implies that
1` e|Cptq|
|C 1ptq| ď
1` pt´ xq´p`eC1
p´
t´ x ´ p
´ t´ x` 2H
pt´ x`Hq2
“ 1
p´ `Oppt ´ xqq ppt´ xq ` pt´ xq
1´p`eC
1q Ñ 0
as tÑ x`. This proves that limtÑx`pχEptq, ηEptqq “ px, 1q. Similarly, one can show that
|pχLpt, vq ´ t, ηLpt, vq ´ 1q| ď d
p´ `Oppt ´ xqq ppt´ xq ` pt´ xq
1´p`eC
1q
for some constant d independent of t. This shows that
lim
nÑ8pχLpwnq, ηLpwnqq “ px, 1q
for every sequence twnun P H, such that limnÑ8 wn “ x and Rerwns ě x. The rest of the proof is
analogous to the proof of Proposition 4.2.
We conclude this section with the following conjecture:
Conjecture 4.1. Assume that x P BSisont pµq and that x is a regular point. Then px, 1q P E and BLpxq “
tpx, 1qu.
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5 Singular Points
5.1 Sufficient Conditions for the Existence of Singular Points of the Non-
Trivial Support
For x P Sntpµq, we recall that x is a singular point of the support of µ if there exists a non-tangential
sequence twnu`8n“1 Ă H such that limnÑ`8 wn “ x but limnÑ8pχLpun, vnq, ηLpun, vnqq ‰ px, 1q. Con-
sequently this means that BLpxq contains more points than px, 1q. For the types of singular points
considered in this article, the limit limnÑ`8pχLpwnq, ηLpwnqq will exist for every sequence twnun that
converges non-tangentially to x and be independent of the non-tangential sequence chosen. Let the limit
be pχΓpxq, ηΓpxqq.
Lemma 5.1. For every x P Sntpµq˝ there exists a sequence twnu8n“1 such that
lim
nÑ8
pχLpun, vnq, ηLpun, vnqq “ px, 1q.
In particular this implies that tpx, 1qu Ă BLpxq for all x P Sntpµq˝ “ psupppµq X supppλ´ µqq˝.
Proof. According to Proposition 4.1 the set of regular points is dense in x P Sntpµq˝. Therefore, for every
x there exists a sequence tunu8n“1 such that limnÑ8 un “ x and such that un is regular for every n.
Hence, for every ε ą 0 sufficiently small and each n there exists a vn such that
|pχLpun, vnq, ηLpun, vnqq ´ pun, 1q| ă ε
n
This implies that
lim
nÑ8pχLpun, vnq, ηLpun, vnqq “ px, 1q
which concludes the proof.
From this and the fact that L is simply connected and WL is a homeomorphism, pχΓpxq, ηΓpxqq has
to be connected to the point px, 1q. But since for all non-tangentially convergent sequences twnun to x,
limnÑ`8pχLpwnq, ηLpwnqq “ pχΓpxq, ηΓpxqq, we will have to consider tangentially convergent sequences
to x in order to determine the whole of BLpxq. We will not attempt to determine BLpxq in full generality,
nor will we attempt a complete classification of all singular points, but contend ourselves with some more
restrictive assumptions on the density f .
Drpxq
Rx Rˆ t1u
W´1
L
px, 1q
W´1
L
pDrpxqq
BLpxq
pχΓpxq, ηΓpxq)
Figure 5: Depiction of a singular point.
Recall from the introduction that Ssing,Int pµq are the set of points x P Sntpµq such that for some δ ą 0,
fptq “ χrx´δ,xsptq ` ϕptq, and such that x belongs to the Lebesgue set of ϕ and ϕpxq “ 0 and |Hϕpxq| ă
`8.
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Proposition 5.1. Assume that x P Ssing,Int pµq. Then x is a singular point, and
lim
nÑ`8
pχLpun, vnq, ηLpun, vnqq “ px, 1 ´ δeπHϕpxqq :“ pχIΓpxq, ηIΓpxqq (5.1)
for every non-tangential sequence tun ` ivnu8n“1 P H such that limnÑ`8 un ` ivn “ x.
Proof. We first note that the fact that ϕptq ď 0 for t P px ´ δ, xq and ϕptq ě 0 otherwise, together with
the assumptions that ϕpxq “ 0 and |Hϕpxq| ă `8, imply that
p.v.
ˆ x`δ
x´δ
ϕptqdt
t´ x “
ˆ x`δ
x´δ
|ϕptq ´ ϕpxq|dt
|t´ x| ă `8. (5.2)
Now assume that tun ` ivnun converges non-tangentially to x. Then,
πHvnfpunq “
ˆ x
x´δ
pun ´ tqdt
pun ´ tq2 ` v2n
`
ˆ
R
pun ´ tqϕptqdt
pun ´ tq2 ` v2n
:“ In ` πHvnϕpunq
By (5.2) and Proposition 6.1, it follows that
lim
nÑ8πHvnϕpunq “ πHϕpxq.
Computing log vn ` In yields,
log vn ` In “ log vn ´ log
a
pun ´ xq2 ` v2n ` log
a
pun ´ x` δq2 ` v2n
“ ´ log
a
1` pun ´ xq2{v2n ` log
a
pun ´ x` δq2 ` v2n
We now consider πPvnfpunq. A computation gives
πPvnfpunq “
ˆ x
x´δ
vndt
pun ´ tq2 ` s2 `
ˆ
R
vnϕptqdt
pun ´ tq2 ` s2
“ ´ arctan un ´ x
vn
` arctan un ´ x` δ
vn
` πPvnϕpunq
Furthermore, since x is in the Lebesgue set of ϕ, (see page 11),
lim
nÑ8
πPvnϕpunq “ πϕpxq “ 0.
Thus,
πPvnfpunq “
π
2
´ arctan un ´ x
vn
` op1q.
Since sin
`
π
2
´ arctanα˘ “ 1?
1`α2 , we get
lim
nÑ8
vnpeπHvnfpunq ` e´πHvnfpunq ´ 2 cospπPvnfpunqq
sinpπPvnfpunqq
“ lim
nÑ8
apun ´ x` δq2 ` v2na
1` pun ´ xq2{v2n
eπHϕpxq
1?
1`pun´xq2{v2n
“ δeπHϕpxq ‰ 0.
In addition,
lim
nÑ8
vnpe´πHvnfpunq ´ cospπPvnfpunqq
sinpπPvnfpunqq
“ 0.
Hence x is a singular point and we have proved (5.1).
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Remark 5.1. It may appear as if the limit limnÑ`8 ηpun, vnq “ 1´ δeπHϕpxq depends on the arbitrary
choice of δ ą 0. However this is not so. Let δ1 ą 0 be another choice and we may assume that δ1 ą δ.
We then get two functions ϕδpxq “ fptq ´ χrx´δ,xsptq and ϕδ1pxq “ fptq ´ χrx´δ1,xsptq. Computing the
difference of their Hilbert transforms at x gives
πHϕδpxq ´ πHϕδ1pxq “
ˆ x´δ
x´δ1
dt
x´ t “ log
δ1
δ
.
Hence, δeπHϕδpxq “ δ1eπHϕδ1 pxq, and we see that the value of δ is unimportant in (5.1).
Example 5.1. Let fptq “ tχr0,1sptq ` pt ` 1qχr´1,0sptq. Then t “ 0 satisfies the assumptions of the
Proposition 5.1. Hence t “ 0 is a singular point.
Recall from the introduction that Ssing,IInt pµq are the set of points x P Sntpµq such that for some δ ą 0,
fptq “ χrx,x`δsptq`ϕptq, and that x belongs to the Lebesgue set of ϕ and that ϕpxq “ 0 and |Hϕpxq| ă `8
Proposition 5.2. Assume that x P Ssing,IInt pµq. Then x is a singular point, and
lim
nÑ`8
pχLpun, vnq, ηLpun, vnqq “ px ` δe´πHϕpxq, 1´ δe´πHϕpxqq :“ pχIIΓ pxq, ηIIΓ pxqq (5.3)
for every non-tangential sequence tun ` ivnu8n“1 P H such that limnÑ`8 un ` ivn “ x.
Proof. Argument is analogus to the one given in the proof of the previous proposition.
Remark 5.2. Let x P Sntpµq˝ and assume that the density f of µ satisfies either the assumptions
of Proposition 5.1 or Proposition 5.2 at x. Then x does not belong to the Lebesgue set of f . If the
assumptions of Proposition 5.1 hold we have limhÑ0` MLfpx, hq “ 1 and limhÑ0` MRfpx, hq “ 0, and
if the assumptions of Proposition 5.2 hold then limhÑ0` MLfpx, hq “ 0 and limhÑ0` MRfpx, hq “ 1.
Furthermore, the sets Ssing,Int pµq and Ssing,IInt pµq can be viewed as analogous to the sets R1 and R2
respectively, in the parametrization of the edge E . In particular we recall from Lemma 2.3 in [2] that
pχEptq, ηE ptqq “
" pt, 1´ δeCδptqq t P R1
pt` δe´Cδptq, 1´ δe´Cδptqq t P R2,
where δ ą 0 is sufficiently small and Cδptq “
´
Rzrx´δ,x`δs
dµpxq
t´x .
Example 5.2. Let fptq “ p1´tqχr0,1sptq´tχr´1,0sptq. Then x “ 0 satisfies the assumptions of Proposition
5.2. Hence x “ 0 is a singular point.
We now give a Proposition that shows that there is no gap between where the edge E ends and the limit
point of the non-tangential limits.
Proposition 5.3. Assume x P BSisont pµq X pSsing,Int pµq Y Ssing,IInt qpµq. Then:
• If x P BS0R then lim tÑx
tPRµ
pχE ptq, ηEptqq “ px, 1´ δeπHϕpxqq
• If x P BS1R then lim tÑx
tPRλ´µ
pχEptq, ηE ptqq “ px` δe´πHϕpxq, 1´ δe´πHϕpxqq
• If x P BS0L then lim tÑx
tPRµ
pχEptq, ηEptqq “ px, 1´ δeπHϕpxqq
• If x P BS1L then lim tÑx
tPRλ´µ
pχEptq, ηE ptqq “ px` δe´πHϕpxq, 1´ δe´πHϕpxqq
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Furthermore, for every sequence twnun Ă H such that Rerwns ě x,
lim
nÑ8
pχLpwnq, ηLpwnqq “ pχIΓpxq, ηIΓpxqq if x P Ssing,Int pµq X BS0R and
lim
nÑ8
pχLpwnq, ηLpwnqq “ pχIIΓ pxq, ηIIΓ pxqq if x P Ssing,IInt pµq X BS1R,
and for every sequence twnun Ă H such that Rerwns ď x,
lim
nÑ8
pχLpwnq, ηLpwnqq “ pχIIΓ pxq, ηIIΓ pxqq if x P Ssing,IInt pµq X BS0L and
lim
nÑ8
pχLpwnq, ηLpwnqq “ pχIΓpxq, ηIΓpxqq if x P Ssing,Int pµq X BS1L.
Proof. We prove the result in the case x P BS0RXSsing,Int pµq and note that the other cases follow similarly.
By definition of P BS0R, there exists an interval I “ px, x` εq for some ε ą 0 such that I Ă supppµqc. By
(1.14) we then have a parametrization of a piece of the edge E , which we recall is given by
χEptq “ t` 1´ e
´Cptq
C 1ptq
ηEptq “ 1` e
Cptq ` e´Cptq ´ 2
C 1ptq
for t P I. We note that since fptq “ χrx´δ,xsptq ` ϕptq
Cptq “
ˆ
R
fpyqdy
t´ y “ log
ˇˇˇˇ
t´ x` δ
t´ x
ˇˇˇˇ
`
ˆ
R
ϕpyqdy
t´ y
and
C 1ptq “ ´ 1
t´ x `
1
t´ x` δ ´
ˆ
R
ϕpyqdy
pt´ yq2 .
In particular we note that
pt´ xq
ˆ x
x´δ
ϕpyqdy
pt´ yq2 “
ˆ x
x´δ
pt´ yqϕpyqdy
pt´ yq2 ´
ˆ x
x´δ
px´ yqϕpyqdy
pt´ yq2
“
ˆ x
x´δ
ϕpyqdy
t´ y ´
ˆ x
x´δ
px´ yqϕpyqdy
pt´ yq2 .
Since y ď x ă t we have
0 ă px´ yqpt´ yq2 ď
1
x´ y
for all t P I. By the assumption that x P Ssing,Int pµq, we have as in the proof of Proposition 5.1ˆ
R
|ϕpyq|dy
|x´ y| ă `8.
The Lebesgue dominated convergence theorem implies that
lim
tÑx`
ˆ x
x´δ
ϕpyqdy
t´ y ´
ˆ x
x´δ
px´ yqϕpyqdy
pt´ yq2 “
ˆ x
x´δ
ϕpyqdy
x´ y ´
ˆ x
x´δ
ϕpyqdy
x´ y “ 0.
Therefore,
lim
tÑx`
pt´ xq
ˆ
R
ϕpyqdy
pt´ yq2 “ 0. (5.4)
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Similarly,
lim
tÑx`
ˆ
R
ϕpyqdy
t´ yq “
ˆ
R
ϕpyqdy
x´ yq “ Hϕpxq (5.5)
Computing the limits limtÑx` χEptq and limtÑx` ηEptq using (5.4) and (5.5) gives
lim
tÑx`
χEptq “ lim
tÑx`
t`
1´ ˇˇ t´x
t´x`δ
ˇˇ
exp p´ ´
R
ϕpyqdy
t´y q
´ 1
t´x ` 1t´x`δ ´
´
R
ϕpyqdy
pt´yq2
“ lim
tÑx`
x`
´pt´ xq ` |t´ x` δ|´1pt´ xq2 exp p´ ´
R
ϕpyqdy
t´y q
1´ t´x
t´x`δ ` pt´ xq
´
R
ϕpyqdy
pt´yq2
“ x
and
lim
tÑx`
ηEptq “ lim
tÑx`
1`
ˇˇ
t´x`δ
t´x
ˇˇ
exp p´
R
ϕpyqdy
t´y q `
ˇˇ
t´x
t´x`δ
ˇˇ
exp p´ ´
R
ϕpyqdy
t´y q ´ 2
´ 1
t´x ` 1t´x`δ ´
´
R
ϕpyqdy
pt´yq2
“ lim
tÑx`
1´
pt´ x` δq exp p´
R
ϕpyqdy
t´y q ` pt´xq
2
t´x`δ exp p´
´
R
ϕpyqdy
t´y q
1´ t´x
t´x`δ ` pt´ xq
´
R
ϕpyqdy
pt´yq2
“ 1´ δeπHϕpxq.
Now let twnun Ă H be a sequence such that Rerwns ě x. Then a similar argument as above shows that
limnÑ8pχLpwnq, ηLpwnqq “ pχIΓpxq, ηIΓpxqq. The other cases can be treated analogously.
Proposition 5.1 and 5.2 deal with singular points where the density jumps in mean from 1 to 0 or from
0 to 1, see Remark 5.2. In particular these singular points do not belong to the Lebesgue set of f . In
Proposition 5.4 below we instead consider singular points which belong to the Lebesgue set, and for which
the density is either 0 or 1. Recall from the definition that x P Ssing,IIInt pµq ifˆ
R
fptqdt
px ´ tq2 ă `8
and Hfpxq ‰ 0, and that x P Ssing,IVnt pµq ifˆ
R
p1 ´ fptqqdt
px ´ tq2 ă `8
and Hp1 ´ fqpxq ‰ 0.
Proposition 5.4. Assume that x P Ssing,IIInt pµq
Ť
S
sing,IV
nt pµq. Then x P Lf and |Hfpxq| ă `8.
Furthermore, x is a singular point. Finally, for every non-tangential sequence tun ` ivnu8n“1 P H that
converges to x, if x P Ssing,IIInt pµq, then
lim
nÑ`8pχLpun, vnq, ηLpun, vnqq
“ `x´ pπpHfq1pxqq´1pe´πHfpxq ´ 1q, 1` pπpHfq1pxqq´1peπHfpxq ` e´πHfpxq ´ 2q˘
:“ pχIIIΓ pxq, ηIIIΓ pxqq, (5.6)
and if x P Ssing,IVnt pµq, then
lim
nÑ`8
pχLpun, vnq, ηLpun, vnqq
“ `x´ pπpHp1 ´ fqq1pxqq´1peπHp1´fqpxq ` 1q, 1` pπpHp1 ´ fqq1pxqq´1peπHp1´fqpxq ` e´πHp1´fqpxq ` 2q˘
:“ pχIVΓ pxq, ηIVΓ pxqq (5.7)
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where
pHfq1pxq :“ ´ 1
π
ˆ
R
fptqdt
px´ tq2 .
Proof. Consider the case when x P Ssing,IIInt pµq. We first show that x belongs to the Lebesgue set of f .
Recall that ˆ
R
fptqdt
px´ tq2 ă `8.
Hence,
lim
hÑ0`
ˆ x`h
x´h
fptqdt
px´ tq2 “ 0.
But for small h,
ˆ x`h
x´h
fptqdt
px´ tq2 ą h
´2
ˆ x`h
x´h
fptqdt ą h´1
ˆ x`h
x´h
fptqdt.
This implies that
lim
hÑ0`
1
2h
ˆ x`h
x´h
fptqdt “ 0,
so fpxq “ 0 and x P Lf by the discussion in the beginning of section 2.1. Take δ ą 0 small, then
ˆ x`δ
x´δ
fptqdt
|x´ t| ă
ˆ x`δ
x´δ
fptqdt
px´ tq2 ă `8,
by assumption, so |Hfpxq| ă `8. Moreover, by Proposition 6.1 this also implies that for every k ą 0
lim
pu,vqÑpx,0q
pu,vqPΓkpxq
Hvfpuq “ Hfpxq.
By definition
lim
pu,vqÑpx,0q
pu,vqPΓkpxq
sinpPvfpuqq
v
“ lim
pu,vqÑpx,0q
pu,vqPΓkpxq
ˆ
R
fptqdt
pu ´ tq2 ` v2 .
Note that px´ tq2 “ 2ppx´ uq ` pu´ tqq2 ď p2k2 ` 2qpv2 ` pu´ tq2q for all pu, vq P Γkpxq, t P R. Hence,
Lebesgue’s dominated convergence theorem implies that
lim
pu,vqÑpx,0q
pu,vqPΓkpxq
ˆ
R
fptqdt
pu´ tq2 ` v2 “
ˆ
R
fptqdt
pt´ xq2 .
In addition, since x P Lf , it follows that
lim
pu,vqÑpx,0q
pu,vqPΓkpxq
Pvfpuq “ 0.
Consequently,
lim
pu,vqÑpx,0q
pu,vqPΓkpxq
vpe´πHvfpuq ´ cospπPvfpuqq
sinpπPvfpuqq “
e´πHfpxq ´ 1´
R
fptqdt
px´tq2
p‰ 0 since Hfpxq ‰ 0q
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and
lim
pu,vqÑpx,0q
pu,vqPΓkpxq
vpeπHvfpuq ` e´πHvfpuq ´ 2 cospπPvfpuqq
sinpπPvfpuqq “
eπHfpxq ` e´πHfpxq ´ 2´
R
fptqdt
px´tq2
.
Hence limnÑ8pχLpwnq, ηLpwnqq ‰ px, 1q, and so x is singular. Again we notice that the limit is indepen-
dent of k. In the case x P Ssing,IVnt pµq a completely analogous argument gives
lim
pu,vqÑpx,0q
pu,vqPΓkpxq
vpe´πHvfpuq ´ cospπPv ˚ fpuqq
sinpπPv ˚ fpuqq “
eπHp1´fqpxq ` 1´
R
p1´fptqqdt
px´tq2
,
and
lim
pu,vqÑpx,0q
pu,vqPΓkpxq
vpeπHvfpuq ` e´πHvfpuq ´ 2 cospπPv ˚ fpuqq
sinpπPv ˚ fpuqq “
eπHp1´fqpxq ` e´πHp1´fqpxq ` 2´
R
p1´fptqqdt
px´tq2
,
since Hp1q “ 0.
Remark 5.3. It is interesting to compare the the results of Proposition 5.4 with the parametrization of
the edge E . One sees that the sets Ssing,IIInt pµq and Ssing,IIInt pµq are analogues to the parametrization sets
Rµ and Rλ´µ, i.e., pχEpxq, ηE pxqq “ pχIIIΓ pxq, ηIIIΓ pxqq whenever x P Ssing,IIInt pµq, and pχEpxq, ηE pxqq “
pχIVΓ pxq, ηIVΓ pxqq whenever x P Ssing,IVnt pµq.
Proposition 5.5. Assume x P BSisont pµq X pSsing,IIInt pµq Y Ssing,IVnt pµqq. Then
lim
tÑx
tPR
pχEptq, ηEptqq “ pχIIIΓ pxq, ηIIIΓ pxqq if x P Ssing,IIInt pµq, and
lim
tÑx
tPR
pχEptq, ηEptqq “ pχIVΓ pxq, ηIVΓ pxqq if x P Ssing,IVnt pµq.
Furthermore, for every sequence twnun Ă H such that Rerwns ě x,
lim
nÑ8pχLpwnq, ηLpwnqq “ pχ
III
Γ pxq, ηIIIΓ pxqq if x P Ssing,IIInt pµq X BS0R and
lim
nÑ8
pχLpwnq, ηLpwnqq “ pχIVΓ pxq, ηIVΓ pxqq if x P Ssing,IVnt pµq X BS1R,
and for every sequence twnun Ă H such that Rerwns ď x,
lim
nÑ8pχLpwnq, ηLpwnqq “ pχ
III
Γ pxq, ηIIIΓ pxqq if x P Ssing,IIInt pµq X BS0L and
lim
nÑ8
pχLpwnq, ηLpwnqq “ pχIVΓ pxq, ηIVΓ pxqq if x P Ssing,IVnt pµq X BS1L.
Proof. We consider the case x P Ssing,IIInt pµqXBS0R. The other cases follow similarly. Since x ď un by as-
sumption, |un´y|pun´yq2`v2n ď
1
x´y and
1
pun´yq2`v2n ď
1
px´yq2 for y P p´8, xs. Hence, by Lebesgue’s dominated
convergence theorem limnÑ8Hvnfpunq “ Hfpxq and
´
R
limnÑ8
fpyqdy
pun´yq2`v2n “
´
R
fpyqdy
px´yq2 . Therefore, a di-
rect computation gives limnÑ8pχLpwnq, ηLpwnqq “ pχIIIΓ pxq, ηIIIΓ pxqq. Similarly, limtÑx
tPR
pχEptq, ηEptqq “
pχIIIΓ pxq, ηIIIΓ pxqq.
We now conclude this section by two lemmas that show that the set Ssingnt pµq can have λpSsingnt pµqq ą 0
and that it may be dense in Sntpµq˝. In particular, this shows that the set Ssingnt pµq can be at least a
meagre set. Moreover, it also shows that the boundary BL can be very complicated.
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Lemma 5.2. There exists a function f P ρλ1,cpRq such that λpSsing,IIInt pµqq ą 0.
Proof. Let I “ pa, bq be an open interval. Associate to it the function
φIptq “ exp
ˆ
´ 1pt´ aq2pt´ bq2
˙
χpa,bqptq. (5.8)
Then φ P C8pRq and supppφq “ ra, bs. Consider the interval r0, 1s. Remove from it the middle 1{4 interval
p3{8, 5{8q. Let I11 “ p3{8, 5{8q and ϕ1ptq “ φI1
1
ptq. Now remove the middle 1{16 interval from the middle
of the remaining intervals. That is, let I12 “ p5{32, 7{32q and I22 “ p25{32, 27{32q, and let ϕ2ptq “ φI1
1
ptq`
φI1
2
ptq ` φI2
2
ptq. Then r0, 1s ´ pI11 Y I12 Y I22 q “ r0, 5{32sY r7{32, 3{8sY r5{8, 25{32sY r27{32, 1s. Continue
this process, by at step n, remove the middle 1{22n:th interval from the remaining 2n´1 intervals. Let Ikn
be the k:th of the 2n´1 open intervals that are deleted at each step, and let ϕnptq “
řn
m“1
ř2m´1
k“1 φIkmptq.
Let C “ r0, 1szpŤ8n“1Ť2n´1k“1 Iknq. The set C is called the Smith-Volterra-Cantor set. It can be shown that
C is a compact nowhere dense set such that λpCq “ 1{2. In particular C˝ “ ∅. Let ϕptq “ limnÑ8 ϕnptq.
Since all the intervals Ikn are disjoint and ϕ P C8pIknq for all n and k it follows that ϕ P C8pRq and
supppϕq “ r0, 1szpCzBCq. Moreover, 0 ď ϕptq ă 1 for all t. However, if we choose a measure µ such that
µ
ˇˇ
r0,1s “ ϕptqdt, then the measure-theoretic support of µ restricted to r0, 1s equals r0, 1s. This is because,
for every x P r0, 1s, we have for every neighbourhood Nx of x that λpNx X supppϕqq ą 0. We now note
that 0 ď ϕnptq ď ϕn`1ptq ď ϕptq for all n. Hence, by Lebesgue’s monotone convergence theorem we have
for every x P C
lim
nÑ8
ˆ
R
ϕnptqdt
px´ tq2 “
ˆ
R
ϕptqdt
px ´ tq2 .
We now observe that for all 0 ď a ă b ď 1 and t P R and x P Rzpa, bq we have
φIptq ď e´1{pt´xq2 .
Therefore,
ˆ
R
ϕnptqdt
px ´ tq2 “
nÿ
m“1
2m´1ÿ
k“1
ˆ
Ikm
φIkmptqdt
px´ tq2 ď
nÿ
m“1
2m´1ÿ
k“1
ˆ
Ikm
e´1{px´tq
2
dt
px´ tq2
ď
ˆ
R
e´1{px´tq
2
dt
px´ tq2 ă `8,
for all n. Hence
´
R
ϕptqdt
px´tq2 ă `8. Now assume that λptx P C : Hϕpxq ‰ 0uq “ 0. Take the density f to
be
fptq “ ϕptq ` χr´1,´}ϕ}1sptq
Then Hf “ Hϕ`Hχr´1,´}ϕ}1s. Then for every x P r0, 1s, Hχr´1,´}ϕ}1spxq ą 0. Thus λptx P C : Hfpxq ‰
0uq “ λpCq. This implies that λpSsing,IIInt pµqq “ λpCq ą 0. If on the other hand λptx P C : Hϕpxq ‰
0uq ą 0, then let fptq “ ϕpδtq, where δ “ }ϕ}1. Then
´
R
fptqdt “ ´
R
ϕptδqdt “ δ´1 ´
R
ϕpxqdx “ 1 and
0 ď fptq ă 1. Moreover, sinceHfpxq “ Hϕpδtqpxq “ δHϕpδxq, it follows that λptx P C : Hfpxq ‰ 0uq ą 0.
Hence λptx P δ´1C : Hfpxq ‰ 0uq ą 0, and consequently λpSsing,IIInt pµqq ą 0.
Remark 5.4. Note that the set Ssing,IIInt pµq in Lemma 5.2 is uncountable. Moreover, by Proposition
5.8 and Remark 5.6 it follows that H1pBLpxqq ą 1 ´ ηIIIΓ pxq ą 0 for every x P Ssing,IIInt pµq. Therefore,
H1pBLq ą ř
xPSsing,IIInt pµqp1´η
III
Γ pxqq. However, every uncountable sum of positive real numbers is always
infinite. ThereforeH1pBLpxqq “ `8 for the measure in Lemma 5.2. In Proposition 5.10 we give a simpler
an more explicit example of a measure for which H1pBLq “ `8.
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Lemma 5.3. There exists a function f P ρλ1,cpRq and an interval I Ă supppfq, such that Ssing,IIInt pµq is
dense in I.
Proof. Consider the dyadic set S “ txrk “ k2´r : r ě 1, 1 ď k ă 2r, k oddu. The set S is dense in the
interval r0, 1s. Let Irk “ pxrk ´ 2´2r´1, xrk ` 2´2r´1q. Then U “
Ť
r,k I
r
k is an open cover of the dense set
S such that
|U | ď
8ÿ
r“1
2rÿ
k“1
k odd
|Irk | ď
8ÿ
r“1
2rÿ
k“1
1
22r
“
8ÿ
r“1
1
2r
“ 1
2
.
Define the function ϕ according to
ϕptq :“ 1
2
χr0,1szU ptq ` inf
r,k
tpxrk ´ tq2χIrk ptqu.
We will show that infr,ktpxrk´ tq2χIrk ptqu is not identically 0. Consider the set E “ tt P UzS : infr,ktpxrk´
tq2χIr
k
ptqu “ 0u. We now estimate the measure of E. It is clear that if t P UzS is such that there exists
an r0, such that
t R
8ď
r“r1
2rď
k“1
k odd
Irk
whenever r1 ě r0, then infr,ktpxrk ´ tq2χIrk ptqu ą 0. Thus E Ă
Ť8
r“r0
Ť2r
k“1
k odd
Irk for every r0 ě 1. Hence
for every ε ą 0
|E| ď
8ÿ
r“r0
2rÿ
k“1
k odd
|Irk | ď
8ÿ
r“r0
2rÿ
k“1
1
22r
“
8ÿ
r“r0
1
2r
ă ε,
whenever r0 is sufficiently large. Thus |E| “ 0. Moreover, we clearly have that for any xrk P S
ˆ
R
ϕptqdt
pxrk ´ tq2
ď 1
2
ˆ
r0,1szIr
k
dt
pxrk ´ tq2
` 1
2
ˆ
Ir
k
infm,ltpxml ´ tq2χIml ptqudt
pxrk ´ tq2
ď 1
2
ˆ
r0,1szIr
k
dt
pxrk ´ tq2
` 1
2
ˆ
Ir
k
pxrk ´ tq2χIrk ptqdt
pxrk ´ tq2
ă `8.
Now assume that the set tx P S : Hϕpxq ‰ 0u is not dense on any interval J Ă r0, 1s. Then the set
tx P S : Hϕpxq “ 0u is dense in r0, 1s. Let
fptq “ ϕptq ` χr´1,´}ϕ}1sptq.
Then Hχr´1,´}ϕ}1spxq ą 0 for all x P r0, 1s. Hence the set tx P S : Hfpxq ‰ 0u is dense in r0, 1s. Thus
S
sing,III
nt pµq is dense in [0,1]. If on the other hand the set tx P S : Hϕpxq ‰ 0u is dense in some interval
J Ă r0, 1s, let fptq “ ϕpδtq, where δ “ }ϕ}1. Then tx P δ´1S : Hfpxq ‰ 0u is dense in δ´1J . Thus
S
sing,III
nt pµq is dense in δ´1J .
5.2 Geometry of BLpxq when x P Ssingnt pµq.
We have seen that if x is singular then BLpxq ‰ tpx, 1qu. In this section we will determine subsets of
BLpxq, and under additional assumptions on the density f , we will be able to determine the entire set
BLpxq.
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Proposition 5.6. Let x P Ssing,Int pµq X pSntpµq˝ Y BSisont pµqq and write for some δ ą 0 the density as
fptq “ χrx´δ,xsptq ` ϕptq.
• If x P Ssing,Int pµqXSntpµq˝ assume that there exists an ε ą 0 such that for all y P px´ε, xqYpx, x`εq
ˆ x`δ
x´δ
|ϕptq|dt
py ´ tq2 “ `8. (5.9)
• If x P Ssing,Int pµq X BSisont pµq X BS0R assume that there exists an ε ą 0 such that for all y P px, x` εq
ˆ x`δ
x
|ϕptq|dt
py ´ tq2 “ `8. (5.10)
• If x P Ssing,Int pµq X BSisont pµq X BS1L assume that there exists an ε ą 0 such that for all y P px´ ε, xq
ˆ x
x´δ
|ϕptq|dt
py ´ tq2 “ `8. (5.11)
Then the parametrized line segment
tpχIpξq, ηIpξqq : ξ P p0,`8qu :“
"ˆ
x, 1´ δe
πHϕpxq
1` ξ
˙
: ξ P p0,`8q
*
Ă tpχ, ηq P R2 : χ “ xu (5.12)
is a subset of BLpxq. In particular if x P Sntpµq˝, there exist two one-parameter families of tangential
continuous curves ts ` iv`ξ psq : s P p0,`8q, ξ P p0,`8qu and ts ` iv´ξ psq : s P p´8, 0q, ξ P p0,`8qu
where v˘ξ psq is a continuous function of s for each ξ P p0,`8q, such that
lim
sÑ0˘
`
χLpx` s` iv˘ξ psqq, ηLpx` s` iv˘ξ psqq
˘ “ pχIpξq, ηIpξqq,
and if x P BS0R there exists a one-parameter family of tangential continuous curves ts ` iv`ξ psq : s P
p0,`8q, ξ P p0,`8qu such that
lim
sÑ0`
`
χLpx` s` iv˘ξ psqq, ηLpx` s` iv˘ξ psqq
˘ “ pχIpξq, ηIpξqq,
and if x P BS1L there exists a one-parameter family of tangential continuous curves ts ` iv´ξ psq : s P
p´8, 0q, ξ P p0,`8qu such that
lim
sÑ0`
`
χLpx` s` iv˘ξ psqq, ηLpx` s` iv˘ξ psqq
˘ “ pχIpξq, ηIpξqq.
The curves ts` iv`ξ psq : s P p0,`8q, ξ P p0,`8qu and ts` iv´ξ psq : s P p´8, 0q, ξ P p0,`8qu satisfy the
equation
G1ps, v˘ξ psq;xq “ ξ
where
G1ps, v;xq “ 1są0
ˆ x`2s
x
sϕptqdt
px` s´ tq2 ` v2 ` 1să0
ˆ x
x`2s
sϕptqdt
px` s´ tq2 ` v2 .
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Remark 5.5. It is worth mentioning that the assumption that x P Ssing,Int pµq X pSntpµq˝ Y BSisont pµqq
is never strictly used. In particular, the assumption that there exists an ε ą 0 such that for all y P
px´ ε, xq Y px, x ` εq
ˆ x`δ
x´δ
|ϕptq|dt
py ´ tq2 “ `8,
implies that px, x` εq X pSsing,IIInt YRµq “ ∅ and px´ ε, xq X pSsing,IVnt YRλ´µq “ ∅.
Proof. Let x P Ssing,Int X Sntpµq˝. We may without loss of generality assume x “ 0. The Poisson integral
of f can then be written as
πPvfpuq “ arctan
ˆ
u` δ
v
˙
´ arctan
ˆ
u
v
˙
`
ˆ
R
vϕptqdt
pu´ tq2 ` v2 .
We now let wpsq “ s` ivpsq be any path in H such that limsÑ0 wpsq “ 0 and limsÑ0 |vpsqs | “ 0, i.e., we
assume that the path is tangential. Then, using the identities arctan
`
1
x
˘ “ π
2
´ arctanx for x ą 0 and
arctan
`
1
x
˘ “ ´π
2
´ arctanx for x ă 0 and arctanpxq “ x`Opx2q we find that
arctan
ˆ
s` δ
vpsq
˙
´ arctan
ˆ
s
vpsq
˙
“
#
vpsq
s
`Opvpsq2{s2q if s ą 0
π ` vpsq
s
`Opvpsq2{s2q if s ă 0.
Hence
πPvpsqfpsq “
$’’&’’%
vpsq
s
`
ˆ
R
vpsqϕptqdt
ps´ tq2 ` vpsq2 `O
ˆ
vpsq2
s2
˙
if s ą 0
π ` vpsq
s
`
ˆ
R
vpsqϕptqdt
ps` tq2 ` vpsq2 `O
ˆ
vpsq2
s2
˙
if s ă 0.
(5.13)
We now compute πHvpsqfpsq getting
πHvpsqfpsq “ πHvpsqϕpsq ´ log
a
s2 ` vpsq2 ` log
a
ps` δq2 ` vpsq2 (5.14)
Hence, (5.13) and (5.14) gives
lim
sÑ0
vpsqeπHvpsqfpsq
sinpπPvpsqfpsqq
“ lim
sÑ0
sgnpsqaps` δq2 ` vpsq2a
s2 ` vpsq2
vpsqeπHvpsqϕpsq
vpsq
s
`
ˆ
R
vpsqϕptqdt
ps´ tq2 ` vpsq2 `O
ˆ
vpsq2
s2
˙
“ lim
sÑ0
sgnpsqδa
1` pvpsq{sq2
eπHvpsqϕpsq
sgnpsq
ˆ
1` s
ˆ
R
ϕptqdt
ps´ tq2 ` vpsq2 `O
ˆ
vpsq
s
˙˙
“ lim
sÑ0
δeπHvpsqϕpsq
1` s
ˆ
R
ϕptqdt
ps´ tq2 ` vpsq2
, (5.15)
since vpsq{sÑ 0 as sÑ 0`. This suggest that we find ps, vpsqq such that
s
ˆ
R
ϕptqdt
ps´ tq2 ` vpsq2 “ ξ ` op1q
as s Ñ 0 for some fixed ξ P p0,`8q. Restricting ourselves to the case when s ą 0, we split the integral
into two terms according to
s
ˆ
R
ϕptqdt
ps´ tq2 ` vpsq2 “ s
ˆ
|s´t|ěs
ϕptqdt
ps´ tq2 ` vpsq2 ` s
ˆ 2s
0
ϕptqdt
ps´ tq2 ` vpsq2
:“ J1psq ` J2psq.
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For any fixed t ‰ 0
lim
sÑ0`
sχ|s´t|ěsptq
ps´ tq2 ` vpsq2 “ 0
and we also have the estimate
sχ|s´t|ěsptq
ps´ tq2 ` vpsq2 ď
|s´ t|χ|s´t|ěsptq
ps´ tq2 ` vpsq2 ď
2
|t|
since |t| ď 2|s´ t|. The assumption that |Hϕp0q| ă `8 together with the argument at the beginning of
the proof of Proposition 5.1 shows that
ˆ
R
ˇˇˇˇ
ϕptq
t
ˇˇˇˇ
dt ă `8. (5.16)
It follows from Lebesgue’s dominated convergence theorem that
lim
sÑ0`
J1psq “ 0. (5.17)
We therefore let
G1ps, v; 0q :“ s
ˆ 2s
0
ϕptqdt
ps´ tq2 ` v2 . (5.18)
We note that since ϕptq ě 0 for t ą 0, G1ps, v; 0q is a positive monotonically decreasing function of v. By
assumption (5.9)
ˆ δ
´δ
|ϕptq|dt
ps´ tq2 “ `8.
Since by assumption ϕptq ě 0 for t P r0, δs
ˆ δ
´δ
|ϕptq|dt
ps´ tq2 “
ˆ 0
´δ
|ϕptq|dt
ps´ tq2 `
ˆ 2s
0
ϕptqdt
ps´ tq2 `
ˆ δ
2s
ϕptqdt
ps´ tq2 ,
and clearly
ˆ 0
´δ
|ϕptq|dt
ps´ tq2 ă `8 ,
ˆ δ
2s
ϕptqdt
ps´ tq2 ă `8,
it follows that
ˆ 2s
0
ϕptqdt
ps´ tq2 “ `8.
for all s P p0, εq and some 0 ă ε ă δ{2, and it follows by Fatou’s lemma that
lim
vÑ0`
G1ps, v; 0q “ `8.
In addition,
lim
vÑ`8G1ps, v; 0q “ 0.
Therefore, the equation
G1ps, v; 0q “ s
ˆ 2s
0
ϕptqdt
ps´ tq2 ` v2 “ ξ (5.19)
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has unique solution v “ v`ξ psq for each fixed ξ P p0,`8q and all s P p0, εq. Since
BvG1ps, v; 0q “ ´2sv
ˆ
R
ϕptqdt
pps´ tq2 ` v2q2 ă 0
for all s, v P H the implicit function theorem implies that for each ξ ą 0, v`ξ psq is a continuous function of
s P p0, εq. We want to show that v`ξ psq{sÑ 0 as sÑ 0`, i.e., that the path is tangential. For simplicity
of notation we will write just vpsq for the solution of (5.19). Assume that there is a sequence tsjuj such
that vpsjq{sj Ñ 2{k as j Ñ 8. Then, for all sufficiently large j we have sj ď kvpsjq. However, since 0
belongs to the Lebesgue set of ϕ and ϕp0q “ 0, we have, by (5.19), that
ξ “ lim
jÑ8
sj
ˆ 2sj
0
ϕptqdt
psj ´ tq2 ` vpsjq2 ď limjÑ8 k
ˆ 2sj
0
vpsjqϕptqdt
psj ´ tq2 ` vpsjq2
“ lim
jÑ8
kπPvpsjqϕpsjq “ 0,
contradicting ξ ą 0. Here we also used (5.17) to extend the domain of integration to R in the next to
last inequality. Next we want to prove that
lim
sÑ0`
Hvpsqϕpsq “ Hϕp0q, (5.20)
which is not immediate since the curve ps, vpsqq is tangential. Take η P p0, 1q fixed but arbitrary and
write
πHvpsqϕpsq “
ˆ
|s´t|ěηs
ps´ tqϕptqdt
ps´ tq2 ` vpsq2 `
ˆ
|s´t|ďηs
ps´ tqϕptqdt
ps´ tq2 ` vpsq2
“ I1psq ` I2psq. (5.21)
If |s´ t| ě ηs, then |t| ď |s´ t| ` s ď p1 ` 1{ηq|s´ t| and we see that
|s´ t|χ|s´t|ěηs
ps´ tq2 ` vpsq2 ď
1` 1{η
|t| .
Also,
lim
sÑ0`
ps´ tqϕptq
ps´ tq2 ` vpsq2 “ ´
ϕptq
t
for all t ‰ 0. By (5.16) and the dominated convergence theorem we see that
lim
sÑ0`
I1psq “ Hϕp0q. (5.22)
Now,
|I2psq| ď
ˆ
|s´t|ďηs
|s´ t|ϕptqdt
ps´ tq2 ` vpsq2 ď η
ˆ 2s
0
sϕptq
ps´ tq2 ` vpsq2 “ ηξ
since η ď 1. It follows from this estimate that, (5.21) and (5.22) that
lim sup
sÑ0`
|πHvpsqϕpsq ´Hϕp0q| ď ηξ.
Since η P p0, 1q was arbitrary we have proved (5.20). It follows from (5.14), (5.15) and (5.20) that
lim
sÑ0`
vpsqeπHvpsqfpsq
sinpπPvpsqfpsqq
“ δe
πHϕp0q
1` ξ .
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Looking back at (5.14) and (5.15) we also see that
lim
sÑ0`
vpsqe´πHvpsqfpsq
sinpπPvpsqfpsqq
“ 0.
Finally,
lim
sÑ0`
vpsq cospπPvpsqfpsqq
sinpπPvpsqfpsqq
“ lim
sÑ0`
cospπPvpsqfpsqq
1
s
` ξ
s
` 1
s
Opvpsq{sq “ 0.
To conclude this implies that
lim
sÑ0`
χLpx` s, v`ξ psqq “ x
lim
sÑ0`
ηLpx` s, v`ξ psqq “ 1´
δeπHϕp0q
1` ξ
for any fixed ξ ą 0, and an identical argument shows that this holds also for vξpsq´.
Corollary 5.1. Let x P Ssing,Int pµq X Sntpµq˝ and write for some δ ą 0 the density
fptq “ χrx´δ,xsptq ` ϕptq.
Assume that x belongs to the Lebesgue set of ϕ and that ϕpxq “ 0 and |Hϕpxq| ă `8. Then for each
fixed ξ P p0,`8q there exists a sequence tun` ivξpunqu`8n“1 Ă H such that limnÑ`8 un` ivξpunq “ x and
such that
lim
nÑ`8
χLpun ` ivξpsnqq “ χIpξq
lim
nÑ`8
ηLpun ` ivξpsnqq “ ηIpξq.
Proof. We may repeat the proof of Proposition 5.6 replacing a continuous path ps, vpsqq with a sequence
psn, vpsnqq every where. The major difference is that if we assume that condition (5.9) does not hold then
in general we may not conclude that limvÑ0` G1ps, v;xq “ `8 for all s P p0, εq. However, there exists a
sequence tsju`8j“1 Ă p0, εq such that limjÑ`8 sj “ 0 and
lim
vÑ0`
G1psj , v;xq “ `8,
since assume otherwise. Then
´
R
|ϕptq|
py´tq2 ă `8 for all y P Nxztxu in some neighborhood Nx of x. However
this implies that ϕptq “ 0 for every t P Nx, contradicting the assumption that x P Sntpµq˝. Thus, for
each such sj and fixed ξ we may therefore solve for v “ vξpsjq in equation (5.19). The rest of the proof
remains the same.
Proposition 5.7. Let x P Ssing,IInt pµq X pSntpµq˝ Y BSisont pµqq and write for some δ ą 0 the density as
fptq “ χrx,x`δsptq ` ϕptq.
• If x P Ssing,Int pµqXSntpµq˝ assume that there exists an ε ą 0 such that for all y P px´ε, xqYpx, x`εq
ˆ x`δ
x´δ
|ϕptq|dt
py ´ tq2 “ `8. (5.23)
• If x P Ssing,Int pµqXBSisont pµqX P BS0R assume that there exists an ε ą 0 such that for all y P px, x`εq
ˆ x`δ
x
|ϕptq|dt
py ´ tq2 “ `8. (5.24)
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• If x P Ssing,Int pµq X BSisont pµq X BS1L, assume that there exists an ε ą 0 such that for all y P px´ ε, xqˆ x
x´δ
|ϕptq|dt
py ´ tq2 “ `8. (5.25)
Then the parametrized line segment
tpχIIpξq, ηIIpξqq : ξ P p0,`8qu :“
"ˆ
x` δe
´πHϕpxq
1` ξ , 1´
δe´πHϕpxq
1` ξ
˙
: ξ P p0,`8q
*
Ă tpχ, ηq P R2 : χ` η “ x` 1u (5.26)
is a subset of BLpxq. In particular if x P Sntpµq˝, there exist two one-parameter families of tangential
continuous curves ts ` iv`ξ psq : s P p0,`8q, ξ P p0,`8qu and ts ` iv´ξ psq : s P p´8, 0q, ξ P p0,`8qu
where v˘ξ psq is a continuous function of s for each ξ P p0,`8q, such that
lim
sÑ0˘
`
χLpx` s` iv˘ξ psqq, ηLpx` s` iv˘ξ psqq
˘ “ pχIIpξq, ηIIpξqq,
and if x P BS0R there exists a one-parameter family of tangential continuous curves ts ` iv`ξ psq : s P
p0,`8q, ξ P p0,`8qu such that
lim
sÑ0`
`
χLpx` s` iv˘ξ psqq, ηLpx` s` iv˘ξ psqq
˘ “ pχIIpξq, ηIIpξqq,
and if x P BS1L there exists a one-parameter family of tangential continuous curves ts ` iv´ξ psq : s P
p´8, 0q, ξ P p0,`8qu such that
lim
sÑ0´
`
χLpx` s` iv˘ξ psqq, ηLpx` s` iv˘ξ psqq
˘ “ pχIIpξq, ηIIpξqq.
The curves ts` iv`ξ psq : s P p0,`8q, ξ P p0,`8qu and ts` iv´ξ psq : s P p´8, 0q, ξ P p0,`8qu satisfy the
equation
G1ps, v˘ξ psq;xq “ ξ
where
G1ps, v;xq “ 1są0
ˆ x`2s
x
sϕptqdt
px` s´ tq2 ` v2 ` 1să0
ˆ x
x`2s
sϕptqdt
px ` s´ tq2 ` v2
Proof. The proof is identical to the proof of Proposition 5.6.
Proposition 5.8. Let x P pSsing,IIInt pµq Y Ssing,IVnt pµqq X pSntpµq˝ Y BSisont pµqq. Assume that there exists
a δ ą 0 such that:
• If x P Ssing,IIInt pµq X Sntpµq˝
ˆ x`δ
x´δ
fptqdt
py ´ tq2 “ `8, (5.27)
for all y P px´ δ, xq Y px, x ` δq.
• If x P Ssing,IVnt pµq X Sntpµq˝
ˆ x`δ
x´δ
1´ fptqdt
py ´ tq2 “ `8, (5.28)
for all y P px´ δ, xq Y px, x ` δq.
52
• If x P Ssing,IIInt pµq X BS0R ˆ x
x´δ
fptqdt
py ´ tq2 “ `8, (5.29)
for all y P px´ δ, xq. If x P Ssing,IVnt pµq X BS1Rˆ x
x´δ
1´ fptqdt
py ´ tq2 “ `8, (5.30)
for all y P px´ δ, xq.
• If x P Ssing,IIInt pµq X BS0L
ˆ x`δ
x
fptqdt
py ´ tq2 “ `8, (5.31)
for all y P px´ δ, xq.
• If x P Ssing,IVnt pµq X BS1L
ˆ x`δ
x
1´ fptqdt
py ´ tq2 “ `8, (5.32)
for all y P px´ δ, xq.
Then the parametrized curve
tpχIIIpξq, ηIIIpξqq : ξ P p0,`8qu :“
"ˆ
x` 1´ e
´πHfpxq
ξ ´ πpHfq1pxq , 1´
eπHfpxq ` e´πHfpxq ´ 2
ξ ´ πpHfq1pxq
˙
: ξ P p0,`8q
*
Ă tpχ, ηq P R2 : η ´ 1 “ p1´ eπHfpxqqpχ´ xqu
is a subset of BLpxq if x P Ssing,IIInt pµq, and the parametrized curve
tpχIV pξq, ηIV pξqq : ξ P p0,`8qu :“
"ˆ
x` 1` e
πHp1´fqpxq
ξ ´ πpHp1´ fq1pxq , 1´
eπHp1´fqpxq ` e´πHp1´fqpxq ` 2
ξ ´ πpHp1 ´ fq1pxq
˙
: ξ P p0,`8q
*
Ă tpχ, ηq P R2 : η ´ 1 “ p1` e´πHp1´fqpxqqpχ´ xqu
is a subset of BLpxq if x P Ssing,IVnt pµq. In particular if x P Sntpµq˝, there exist two one-parameter families
of tangential continuous curves ts` iv`ξ psq : s P p0,`8q, ξ P p0,`8qu and ts` iv´ξ psq : s P p´8, 0q, ξ P
p0,`8qu where v˘ξ psq is a continuous function of s for each ξ P p0,`8q, such that
lim
sÑ0˘
χLpx` s` iv˘ξ psqq :“ χIII{IV pξq
lim
sÑ0˘
ηLpx` s` iv˘ξ psqq :“ ηIII{IV pξq.
and if x P BS0R Y BS1R there exists a one-parameter family of tangential continuous curves ts ` iv`ξ psq :
s P p0,`8q, ξ P p0,`8qu such that
lim
sÑ0`
pχLpx` s` iv`ξ psqq, ηLpx` s` iv`ξ psqqq “ pχIII{IV pξq, ηIII{IV pξqq,
and if x P BS0L Y BS1L there exists a one-parameter family of tangential continuous curves ts ` iv´ξ psq :
s P p´8, 0q, ξ P p0,`8qu such that
lim
sÑ0´
pχLpx ` s` iv´ξ psq, ηLpx` s` iv´ξ psqq “ pχIII{IV pξq, ηIII{IV pξqq.
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The curves ts` iv`ξ psq : s P p0,`8q, ξ P p0,`8qu and ts` iv´ξ psq : s P p´8, 0q, ξ P p0,`8qu satisfy the
equation
G2ps, v˘ξ psq;xq “ ξ
where
G2ps, v;xq “ 1są0
ˆ x`2s
x
fptqdt
px` s´ tq2 ` v2 ` 1să0
ˆ x
x`2s
fptqdt
px` s´ tq2 ` v2 .
Remark 5.6. Again, as in Proposition 5.6 and 5.7, it is worth mentioning that the assumption that
x P pSsing,IIInt pµqYSsing,IVnt pµqqXpSntpµq˝YBSisont pµqq is never strictly used. In particular, the assumption
that there exists an ε ą 0 such that for all y P px´ ε, xq Y px, x ` εq
ˆ δ
´δ
fptqdt
py ´ tq2 “ `8.
implies that ppx´ ε, xq Y px, x` εqq X pSsing,IIInt pµq YRµq “ ∅.
Proof. We will first assume that x P Ssing,IIInt pµq X Sntpµq˝. Then
´
R
fptqdt
px´tq2 ă `8 and Hϕpxq ‰ 0 hold
by the definition of Ssing,IIInt . We will begin by studying the limit of the integralˆ
R
fptqdt
pupsq ´ tq2 ` vξpsq2 (5.33)
under a one parameter family of curves wξpsq “ upsq ` ivξpsq P H such that limsÑ0` wξpsq “ x. In
particular we may take upsq “ x ` s and assume that s ą 0. The analysis of the case when s ă 0 is
completely analogous to the case when s ą 0. The idea is to split (5.33) into two parts, one of which
dominates the integrand, and apply Lebesgues dominated convergence theorem. Write
ˆ
R
fptqdt
px ` s´ tq2 ` v2 “
ˆ
|x`s´t|ěs
fptqdt
px` s´ tq2 ` v2 `
ˆ x`2s
x
fptqdt
px` s´ tq2 ` v2
“ Ips, v;xq `G2ps, v;xq (5.34)
We now fix s ą 0. Then clearly, the function G2ps, v;xq is monotonically decreasing in v. By Fatou’s
lemma and equation (5.27)
lim inf
vÑ0`
G2ps, v;xq “ lim inf
vÑ0`
ˆ x`2s
x
fptqdt
px` s´ tq2 ` v2 “ `8
for s sufficiently small. By Lebesgue’s dominated convergence theorem we also have
lim
vÑ`8
G2ps, v;xq “ 0.
Therefore, since G2ps, v;xq is monotonically decreasing in v, the equation
G2ps, v;xq “ ξ (5.35)
has a unique solution vξpsq for all ξ P p0,`8q. Differentiation under the integral sign gives
BG2ps, v;xq
Bv “
ˆ x`2s
x
B
Bv
1
px` s´ tq2 ` v2 fptqdt
“ ´2
ˆ x`2s
x
v
ppx` s´ tq2 ` v2q2 fptqdt ă 0
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for all v ą 0. Hence the implicit function theorem implies that there exists a continuous path px`s, vξpsqq
for s P p0, δq such that G2ps, vξpsq;xq “ ξ. Now, assume that px ` s, vξpsqq contains a non-tangential
subsequence tpx`sj , vξpsjqqu`8j“0, i.e., sequence such that there exists a k ą 0 such that vj “ vξpsjq ą ksj
for all j. This implies that
G2psj , vj ;xq “
ˆ x`2sj
x
fptqdt
px ` sj ´ tq2 ` v2j
ď
ˆ x`2sj
x
fptqdt
k2s2j
“ 1
k2s2j
ˆ x`2sj
x
fptqdt.
However, since x P Ssing,IIInt pµq by assumption, for every ε ą 0 there exists a J such that whenever j ą Jˆ x`2sj
x
fptq
px´ tq2 dt ă ε.
Since,
ˆ x`2sj
x
fptq
px´ tq2 dt ě
1
4s2j
ˆ x`2sj
x
fptqdt
we find that
G2psj , vj ;xq ď
4εs2j
k2s2j
“ 4ε
k
.
As ε was arbitrary this implies that limjÑ`8G2psj , vj ;xq “ 0, a contradiction. Thus the path px`s, vξpsqq
becomes tangential to the real axis, i.e. limsÑ0` vξpsq{s “ 0. We now consider Ips, vξpsq;xq. Since
|x´ t| ă 2|x` s´ t| whenever |x` s´ t| ě s we have
fptqχRzrx,x`2ssptq
px` s´ tq2 ` vξpsq2 ď
4fptq
px´ tq2 ,
and since limsÑ0` vξpsq “ 0, Lebesgue’s dominated convergence theorem implies that
lim
sÑ0`
ˆ
R
fptqχRzrx,x`2ssptq
px´ s´ tq2 ` vξpsq2 “
ˆ
R
fptqdt
px ´ tq2 .
It now remains to study πHvξpsqfpx` sq as sÑ 0`. We have
πHvξpsqfpx` sq “
ˆ
R
px` s´ tqfptqdt
px` s´ tq2 ` vξpsq2 “
ˆ
|x`s´t|ěs
px` s´ tqfptqdt
px` s´ tq2 ` vξpsq2
`
ˆ x`2s
x
px ` s´ tqfptqdt
px` s´ tq2 ` vξpsq2
“ J1psq ` J2psq.
Note that for t P Rzrx, x` 2ss |x´ t| ă 2|x` s´ t|, which implies that
|x` s´ t|fptq
px` s´ tq2 ` vξpsq2 ď
2fptq
|x´ t| .
Again by Lebesgue’s dominated convergence theorem,
lim
sÑ0`
J1psq “ lim
sÑ0`
ˆ
R
px ` s´ tqfptqχRzrx,x`2ssptq
px´ s´ tq2 ` vξpsq “
ˆ
R
fptqdt
x´ t .
Finally,
|J2psq| ď
ˆ x`2s
x
|x` s´ t|fptqdt
px` s´ tq2 ` vξpsq2 ď 2s
ˆ x`2s
x
fptqdt
px` s´ tq2 ` vξpsq2 “ 2sξ,
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by (5.35). Hence,
lim
sÑ0`
J2psq “ 0.
Altogether, this implies that
lim
sÑ0`
vξpsq
 
e
πHvξpsqfpx`sq ´ cospπPvξpsqfpx` sqq
(
sinpπPvξpsqfpx` sqq
“ lim
sÑ0`
e
πHvξpsqfpx`sq ´ cospπPvξpsqfpx` sqqˆ
R
fptqdt
px ` s´ tq2 ` vξpsq2
“ e
´
R
fptqdt
x´t ´ 1´
R
fptqdt
px´tq2 ` ξ
and
lim
sÑ0`
vξpsq
 
1´ e´πHvξpsqfpx`sq cospπPvξpsqfpx` sqq
(
sinpπPvξpsqfpx` sqq
“ 1´ e
´ ´
R
fptqdt
x´t´
R
fptqdt
px´tq2 ` ξ
.
Recall that the distributional derivative of the Cauchy principal value integral p.v.
´
R
fptqdt
x´t equals
d
dx
p.v.
ˆ
R
fptqdt
x´ t “ ´f.p.
ˆ
R
fptqdt
px´ tq2 ,
where f.p.
´
R
fptqdt
px´tq2 denotes Hadamard’s finite part integral. However, as the integrals
´
R
fptqdt
x´t and´
R
fptqdt
px´tq2 exists in the ordinary sense we have that
´ d
dx
p.v.
ˆ
R
fptqdt
x´ t “ ´πpHfq
1pxq “ f.p.
ˆ
R
fptqdt
px´ tq2 “
ˆ
R
fptqdt
px´ tq2
Using this we find that
lim
sÑ0`
χLpwξpsqq “ χIIIpξq “ x` 1´ e
´πHfpxq
ξ ´ πpHfq1pxq
and
lim
sÑ0`
ηLpwξpsqq “ ηIIIpξq “ 1´ e
πHfpxq ` e´πHfpxq ´ 2
ξ ´ πpHfq1pxq
for each fixed ξ P p0,`8q. In particular we note that this is a parametrization of a part of line given by
the equation
η ´ 1
χ´ x “ ´
2´ eπHfpxq ´ e´πHfpxq
1´ e´πHfpxq “ 1´ e
πHfpxq.
We now instead assume that
´
R
1´fptqdt
px´tq2 ă `8 holds. Then
sinpπPvfpuqq “ sinpπ ´ πPvp1´ fqpuqq “ sinpπPvp1´ fqpuqq
and
cospπPvfpuqq “ cospπ ´ πPvp1´ fqpuqq “ ´ cospπPvp1´ fqpuqq
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In addition we can write
πHvfpuq “
ˆ
R
pu´ tqfptqdt
pu´ tq2 ` v2 “ limRÑ8
ˆ R
´R
pu´ tqdt
pu´ tq2 ` v2 ´
ˆ R
´R
pu´ tqp1´ fptqqdt
pu ´ tq2 ` v2
“ lim
RÑ8
´
ˆ R
´R
pu´ tqp1 ´ fptqqdt
pu´ tq2 ` v2
We can now apply the same analysis as before on the function p1´ fq, giving an identical result.
Corollary 5.2. Assume that x P Sntpµq˝ and that either
ˆ
R
fptqdt
px ´ tq2 ă `8 piq
or
ˆ
R
p1´ fptqqdt
px´ tq2 ă `8 piiq
holds, and that Hfpxq ‰ 0, i.e., x P Ssing,IIInt pµqY P Ssing,IVnt pµq. Then for every fixed ξ P p´8,`8q
there exists a sequence tx` sj ` ivξpsjqu`8j“1 P H, such that limjÑ`8 x` sj ` ivξpsjq “ x and
lim
jÑ`8
χLpx` sj ` ivξpsjqq “ χIIIzIV pξq
lim
jÑ`8
ηLpx` sj ` ivξpsjqq “ ηIIIzIV pξq.
Proof. Wemay repeat the proof of Proposition 5.8 replacing a continuous path everywhere with a sequence
tpx`sj`vpsjquj . The only difference is that since we are not assuming (5.27)-(5.32) we may not conclude
that there exists a solution to the equation G2ps, v;xq “ ξ for every s sufficiently small. However, since
we are considering sequences instead of paths we can similarly to Corollary 5.1 always find a sequence
sj Ñ 0 as j Ñ `8 such that G2psj , v;xq “ ξ. The rest of the proof remains the same.
In general the equation G2ps, v;xq “ ξ in Proposition 5.8 can of course not be solved explicitly. However
there exists an important special case when fptq or 1´ fptq is convex in a neighborhood of the point x,
when one can solve the equation G2ps, v;xq “ ξ approximately.
Proposition 5.9. Let x P Ssing,IIInt pµq and let G2ps, v;xq be the function defined in Proposition (5.8).
Assume that there is an ε ą 0 such that fptq is convex in rx´ε, x`εs and fpx`2sq{fpx`sq is uniformly
bounded for |s| ď ε. Fix ξ ą 0 and define
vpsq “ π
ξ
fpx` sq (5.36)
for |s| ď ε. Then,
lim
sÑ0
G2ps, vpsq;xq “ ξ. (5.37)
Thus,
lim
sÑ0
χLpx` s` ivpsqq “ χIIIpξq (5.38)
lim
sÑ0
ηLpx` s` ivpsqq “ ηIIIpξq.
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Proof. Consider the case s ą 0. Let
I1psq “
ˆ x`2s
x
fpx` sqdt
px` s´ tq2 ` vpsq2 ,
I2psq “
ˆ x`2s
x`s
pfptq ´ fpx` sqqdt
px` s´ tq2 ` vpsq2 ´
ˆ x`s
x
pfpx ` sq ´ fptqqdt
px` s´ tq2 ` vpsq2
so that
G2px, vpsq;xq “ I1psq ` I2psq.
Let F pxq be a convex function on an interval I and let x, y, w P I with x ă y ă w. Then
F pyq ´ F pxq
y ´ x ď
F pwq ´ F pxq
w ´ x (5.39)
(see Proposition 1.25 in [1]). From this and fpxq “ 0 since x P Ssing,IIInt pµq we see that fpx ` sq{s is an
increasing function in p0, εq and hence
a “ lim
sÑ0`
fpx` sq
s
exists and is ě 0. We must have a “ 0, since if a ą 0 then
8 “
ˆ ε
0
a
s
ds ď
ˆ ε
0
fpx` sq
s2
ds ď
ˆ
R
fptq
px´ tq2 dt,
which contradicts x P Ssing,IIInt pµq. Thus,
vpsq
s
“ π
ξ
fpx` sq
s
Ñ 0 (5.40)
as sÑ 0`. It follows that
I1psq “ ξ
π
ˆ x`2s
x
vpsqdt
px` s´ tq2 ` vpsq2 “
2ξ
π
arctan
s
vpsq Ñ ξ
as s Ñ 0`. Hence, to prove (5.37) it remains to show that I2psq Ñ 0` as s Ñ 0`. Notice that we can
write
I2psq “
ˆ s
0
pfpx` s` tq ` fpx` s´ tq ´ 2fpx` sqq dt
t2 ` vpsq2 . (5.41)
Since f is convex in rx´ ε, x` εs we see that for 0 ď s ď ε{2,
1
2
pfpx` s` tq ` fpx` s´ tqq ě f
ˆ
x` s` t` x` s´ t
2
˙
“ fpx` sq
and consequently I2psq ě 0. It follows from (5.39) that
fpx` sq ´ fpxq
s
ě fpx` s´ tq ´ fpxq
s´ t
for t P r0, sq and since fpxq “ 0 we see that
fpx` sq ě s
s´ tfpx` s´ tq ě fpx` s´ tq.
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From (5.39) we also see that
fpx` s` tq ´ fpx` sq
t
ď fpx` 2sq ´ fpx` sq
s
ď fpx` 2sq
s
for t P r0, ss. Thus,
fpx` s` tq ` fpx` s´ tq ´ 2fpx` sq “ t
ˆ
fpx` s` tq ´ fpx` sq
t
˙
´ pfpx` sq ´ fpx` s´ tqq
ď tfpx` 2sq
s
ď Ctfpx` sq
s
, (5.42)
for some constant C. In the last estimate we used our assumption that fpx ` 2sq{fpx` sq is uniformly
bounded for s P r0, εs. If we use (5.40) together with the estimate (5.42) in (5.41), we see that we have
proved that
0 ď I2psq ď Cfpx` sq
s
ˆ s
0
tdt
t2 ` vpsq2 “
Cξvpsq
πs
ˆ s
0
tdt
t2 ` vpsq2 “
Cξvpsq
2πs
log
ˆ
1` s
2
vpsq2
˙
Ñ 0
as sÑ 0` by (5.40). This proves (5.37) and (5.38) follows as in the proof of Proposition 5.8.
Remark 5.7. In particular we note that the assumption that fpx`2sq
fpx`sq is uniformly bounded in s holds
if fpx` sq „ gpsq|s|α, for some positive and bounded function gpsq and some α ą 0 such that gpsq|s|α is
convex in a neighborhood of 0.
In Propositions 5.6-5.8 we determined subsets of BLpxq when x P ŤIVA“I Ssing,Ant pµq. We now want to
show that under some additional assumptions on the density f , these sets are in fact all of BLpxq.
Theorem 5.1. Assume that x P Ssing,IIInt pµq Y Ssing,IVnt pµq and that the assumptions of Proposition 5.8
are satisfied. Furthermore, assume that there exists sequences trnun Ă G and tlnun Ă G of regular points
such that rn ą x and ln ă x for all n and such that limnÑ8 rn “ limnÑ8 ln “ x. Finally assume that
maxtsup
n
|mHf prnq|, sup
n
|mHf plnq|u ă `8.
Then, if x P Ssing,IIInt pµq
BLpxq “ tpχIIIpξq, ηIIIpξqq : ξ P p0,`8qu,
and if x P Ssing,IVnt pµq
BLpxq “ tpχIV pξq, ηIV pξqq : ξ P p0,`8qu,
where the functions χIII{IV pξq and ηIII{IV pξq are defined in Proposition 5.8. In particular the assump-
tions holds if x P LmHf by a modification of the proof of Lemma 4.1, and especially if f P Cλ,αc,1 pRq.
Proof. Let x P Ssing,IIInt pµq. We know from Proposition 5.8 that A “ tpχIIIpξq, ηIIIpξq : 0 ă ξ ă 8u Ă
BLpxq and we want to prove that equality holds. Let wn “ un ` ivn P H, n ě 0, be any sequence such
that wn Ñ x as n Ñ 8. We want to show that all limit points of pχLpwnq, ηLpwnqq belong to A. By
taking subsequences we can assume that pχLpwnq, ηLpwnqq converges. Set
ξn “
ˆ x`2pun´xq
x
fptqdt
pun ´ tq2 ` v2n
.
By taking a further subsequence we can assume that ξn Ñ ξ P r0,8s as n Ñ 8 un ą x for all n. If
ξ P r0,8q, a repetition of the arguments of the proof of Proposition 5.8 gives
lim
nÑ8
pχLpwnq, ηLpwnqq “
ˆ
x` 1´ e
´πHfpxq
ξ ´ πpHfq1pxq , 1´
eπHfpxq ` e´πHfpxq ´ 2
ξ ´ πpHfq1pxq
˙
.
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It remains to consider the case ξ “ 8. We want to show that in this case pχLpwnq, ηLpwnqq Ñ px, 1q as
nÑ8. Since ξn Ñ8, for every ξ ą 0 there is an Npξq such that
ˆ x`2pun´xq
x
fptqdt
pun ´ tq2 ` v2n
ą ξ (5.43)
whenever n ą Npξq. Let vξpsq be the continuous function defined in Proposition 5.8. Then the inequality
(5.43) above implies that
G2pun ´ x, vn;xq ą G2pun ´ x, vξpun ´ xq;xq.
Since the function G2ps, v;xq is monotonically decreasing in v this implies that vn ă vξpun´ x, vn;xq for
all n ą Npξq. This implies that the sequence twnun is trapped inside the set
tpu, vq P H : x ď u ă uNpξq, 0 ă v ă vξpu ´ xqu
whenever n ą Npξq. In particular for every n there exists an rkn P G such that rkn ą un and
limnÑ8 rkn “ x. Let Xpξqn be the open set
Xpξqn “ tpu, vq P R2 : x ă u ă rn, 0 ă v ă vξpu ´ xqu.
In particular wn belongs to X
pξq
n for every n ą Npξq. Let Tn be the closed set, whose boundary equals
BTn “ tpt, 1q : x ď t ď rknu
ď
tW´1
L
prkn ` itq : 0 ă t ď vξprkn ´ xqu
ď
tW´1
L
pt` ivξptqq : 0 ă t ď rkn ´ xuď"ˆ
x` 1´ e
´πHfpxq
ξ1 ´ πpHfq1pxq , 1´
eπHfpxq ` e´πHfpxq ´ 2
ξ1 ´ πpHfq1pxq
˙
: ξ1 ě ξ
*
:“ BT 1n Y BT 2n Y BT 3n Y BT 4n .
We now show that W´1
L
pXpξqn q Ă Tn. Since x P Sntpµq˝, it follows from Lemma 5.1 that all points of
BT 1n Ă BW´1L pXpξqn q. Since rkn P G, it follows that limvÑ0`pχLprkn ` ivq, ηLprkn ` ivqq “ prkn , 1q. Hence
BT 2n Ă BW´1L pXpξqn q. By Proposition 5.8, pBT 3n YBT 4nq Ă BW´1L pXpξqn q. On the other hand, by Lemma 5.1
and the fact thatW´1
L
is a homeomorphism, we have thatW´1
L
pXpξqn q Ă T ˝n . ThusW´1L pXpξqn q Ă Tn. This
fact follows from Lemma 5.1 and Proposition 5.8 and the assumption that rkn is a regular point in Sntpµq˝.
In particular, pχLpwnq, ηLpwnqq P Tn for every n ą Npξq. The trapping regions Tn are illustrated in figure
6. We will now show that lim supnÑ`8 dppx, 1q, BTnq ď C{ξ for some positive constant C independent of
ξ, which implies that limnÑ`8pχLpwnq, ηLpwnqq “ px, 1q. Recall that
dppx, 1q, BTnq “ sup
px1,y1qPBTn
dppx, 1q, px1, y1qq.
Clearly,
dppx, 1q, BT 1nq “ rkn ´ xÑ 0
as nÑ `8. Similarly, from the proof of Proposition 5.8 it follows that
lim
nÑ8
dppx, 1q, BT 3nq “
ˇˇˇˇˆ
1´ e´πHfpxq
ξ ´ πpHfq1pxq ,
eπHfpxq ` e´πHfpxq ´ 2
ξ ´ πpHfq1pxq
˙ˇˇˇˇ
and
dppx, 1q, BT 4nq “
ˇˇˇˇˆ
1´ e´πHfpxq
ξ ´ πpHfq1pxq ,
eπHfpxq ` e´πHfpxq ´ 2
ξ ´ πpHfq1pxq
˙ˇˇˇˇ
.
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We now estimate dppx, 1q, BT 2nq. This is the most subtle part of the proof, and here the choice of the
sequence trknun is critical. By assumption the sequence tmHfprknqun is bounded and hence by estimate
(2.3) |Hvfprknq|, is uniformly bounded. Thus, there is a constant C 1 independent of ξ such that for all n
and 0 ă v ă vξprkn ´ xq,
v
ˇˇˇˇ
1´ e´πHvfprkn q cospπPvfprknqq
sinpπPvfprknqq
ˇˇˇˇ
ď v C
1
| sinpπPvfprknqq|
and
v
ˇˇˇˇ
eπHvfprkn q ` e´πHvfprknq ´ 2 cospπPvprknqq
sinpπPvfprknqq
ˇˇˇˇ
ď v C
1
| sinpπPvfprknqq|
for all n. In addition,
v
| sinpπPvfprknqq|
ď v
mintPvfprknq, Pvp1´ fqprknqqu
ď 1
mintv´1Pvfprknq, v´1Pvp1´ fqprknqqu
ď 1
mintvξprkn ´ xq´1Pvξprkn´xqfprknq, vξprkn ´ xq´1Pvξprkn´xqp1´ fqprknqqu
for all 0 ă v ă vξprkn ´ xq, by the monotonicity of the function v´1πPvfprknq. By the same argument
that was used to control (5.34) in the proof of Proposition 5.8 we see that
ˆ
R
fptqdt
prkn ´ tq2 ` vξprkn ´ xq2
“
ˆ
|rkn´t|ąrkn´x
fptqdt
prkn ´ tq2 ` vξprkn ´ xq2
`G2prkn ´ x, vξprkn ´ xq;xq
Ñ ξ `
ˆ
R
fptqdt
px ´ tq2 ,
as nÑ8. Furthermore,
ˆ
R
p1´ fptqqdt
prn ´ tq2 ` vξprn ´ xq2 “
ˆ
R
dt
prn ´ tq2 ` vξprn ´ xq2 ´ ξ `Op1q
“ π
vξprn ´ xq ´ ξ `Op1q ě ξ
whenever n is sufficiently large. Hence,
lim sup
nÑ8
dppx, 1q, BT 2nq ď
C
ξ
.
Combining our estimates we have proved that there is a constant C such that
lim sup
nÑ8
d
´
px, 1q, BTnq
¯
ď C
ξ
.
Since ξ P r0,8q was arbitrary, the result follows. The case when x P Ssing,IVnt pµq is analogus.
Theorem 5.2. Let x P Ssing,Int pµq Y Ssing,IInt pµq and that the assumptions of Proposition 5.6 and Propo-
sition 5.7 are satisfied. Furthermore, assume that there exists sequences trnun Ă G and tlnun Ă G of
regular points such that rn ą x and ln ă x for all n and such that limnÑ8 rn “ limnÑ8 ln “ x. Finally
assume that
maxtsup
n
|mHϕprnq|, sup
n
|mHϕplnq|u “ m ă `8.
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vξpsq
rnrn`1
px, 0q
W´1
L
px, 1q prn, 1qprn`1, 1q
W´1
L
ps ` ivξpsqq
W´1
L
prn ` isq
Figure 6: This figure illustrates the trapping regions Tn. The black dots represent the positions of the
sequence tun ` ivnu`8n“1
Then,
BLpxq “
"ˆ
x, 1` δe
πHϕpxq
1` ξ
˙
: ξ P r0,`8q
*
if x P Ssing,Int pµq and
BLpxq “
"ˆ
x` δe
´πHϕpxq
1` ξ 1
δe´πHϕpxq
1` ξ
˙
: ξ P r0,`8q
*
if x P Ssing,IInt pµq. In particular the assumptions holds if x P LmHϕ, and especially if f P Cλ,αc,1 pRq.
Proof. The proof is similar to that of Theorem 5.1. Let x P Ssing,Int pµq. We know from Proposition 5.6 that
A “ tpχIpξq, ηIpξq : 0 ă ξ ă 8u Ă BLpxq and we want to prove that equality holds. Let wn “ un`ivn P H,
n ě 0, be any sequence such that wn Ñ x as n Ñ 8. We want to show that all limit points of
pχLpwnq, ηLpwnqq belong to A. By taking subsequences we can assume that pχLpwnq, ηLpwnqq converges.
Set
ξn “
ˆ x`2pun´xq
x
pun ´ xqϕptqdt
pun ´ tq2 ` v2n
.
By taking a further subsequence we can assume that ξn Ñ ξ P r0,8s as n Ñ 8 and that un ą x for all
n. As in the proof of Theorem 5.1 it is enough to consider the case ξ “ 8. We want to show that in this
case pχLpwnq, ηLpwnqq Ñ px, 1q as nÑ8. Since ξn Ñ8, for every ξ ą 0 there exists an Npξq such that
ˆ x`2pun´xq
x
pun ´ xqϕptqdt
pun ´ tq2 ` v2n
ą ξ (5.44)
whenever n ą Npξq. Let vξpsq be the continuous function defined in Proposition 5.6. Then inequality
(5.44) implies that
G1pun ´ x, vn;xq ą G1pun ´ x, vξpun ´ xq;xq.
Since the function Gps, v;xq is monotonically decreasing in v this implies that vn ă vξpun ´ x, vn;xq for
all n ą Npξq. This implies that the sequence twnun is contained inside the set
tpu, vq P H : x ď u ă uNpξq, 0 ă v ă vξpu ´ xqu
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whenever n ą Npξq. In particular for every n there exists an rkn P G such that rkn ą un and
limnÑ8 rkn “ x. Let Xpξqn be the open set
Xpξqn “ tpu, vq P R2 : x ă u ă rkn , 0 ă v ă vξpu´ xqu.
In particular wn belongs to X
pξq
n for every n ą Npξq. A similar arguments to that in the proof of Theorem
5.1 shows BW´1
L
pXpξqn q Ă Tn, where Tn is the closed set whose boundary equals
BTn “ tpt, 1q : x ď t ď rknu
ď
tW´1
L
prkn ` itq : 0 ă t ď vξprkn ´ xqu
ď
tW´1
L
pt` ivξptqq : 0 ă t ď rkn ´ xuď"ˆ
x, 1` δe
πHϕpxq
ξ1 ` 1
˙
: ξ1 ě ξ
*
:“ BT 1n Y BT 2n Y BT 3n Y BT 4n
In particular, pχpwnq, ηpwnqq P Tn for every n ą Npξq. We will now show that limnÑ`8 dppx, 1q, BTnq “
C{ξ for some positive constant C independent of ξ, which implies that limnÑ`8pχpwnq, ηpwnqq “ px, 1q.
Clearly,
dppx, 1q, BT 1nq “ rkn ´ xÑ 0
as nÑ `8. Similarly, from the proof of Proposition 5.6 it follows that
lim sup
nÑ8
dppx, 1q, BT 3nq “
ˇˇˇˇˆ
x, 1` δe
πHϕpxq
ξ ` 1
˙ˇˇˇˇ
and
dppx, 1q, BT 4nq “
ˇˇˇˇˆ
1´ e´πHfpxq
ξ ´ πpHfq1pxq ,
eπHfpxq ` e´πHfpxq ´ 2
ξ ´ πpHfq1pxq
˙ˇˇˇˇ
.
We now estimate dppx, 1q, BT 2nq. As in Theorem 5.1, this is the most subtle part of the proof, and here
the choice of the sequence trknun is critical. A computation gives
πHvfprknq “ ´ log
a
prkn ´ xq2 ` v2 ` log
a
prkn ` δ ´ xq2 ` v2 `Hvϕprknq
and
πPvfprknq “ ´ arctan
ˆ
rkn ´ x
v
˙
` arctan
ˆ
rkn ´ x` δ
v
˙
` πPvϕprknq
“ arctan
ˆ
v
rkn ´ x
˙
´ arctan
ˆ
v
rkn ´ x` δ
˙
` πPvϕprknq
Hence, using the trigonometric identity sinparctanx` yq “ p1` x2q´1{2px cos y ` sin yq we get
sinpπPvfprknqq “
1b
1` prkn´xq2
v2
ˆ
cosrπPvϕprknq ´Opvqs `
rkn ´ x
v
sinrπPvϕprknq ´Opvqs
˙
(5.45)
“ 1b
1` prkn´xq2
v2
ˆ
cosrπPvϕprknqs `
rkn ´ x
v
sinrπPvϕprknqs `Opvq `Oprkn ´ xq
˙
By assumption the sequence tmHϕprknqun is bounded and hence by estimate (2.3) |Hvϕprknq|, is uniformly
bounded. Thus there exists a constant m, independent of ξ such that
|pχLprkn , vq ´ rkn , ηLprkn , vq ´ 1q| ď
aprkn ` δq2 ` v2aprkn ´ xq2 ` v2 v
?
5p1` emq
sinpπPvϕprknqq
ď Cb
1` prkn´xq2
v2
1
sinpπPvϕprkn qq
63
where C does not depend on n. Using (5.45), one getsc
1` prkn ´ xq
2
v2
| sinpπPvϕprknqq| ě
rkn ´ x
v
sinrπPvϕprknqs ´ 1
ě rkn ´ x
2v
mintPvϕprkn q, Pv ˚ p1´ ϕqprkn qu ´ 1
“ 1
2π
min
"ˆ
R
prkn ´ xqϕptqdt
prkn ´ tq2 ` v2
,
ˆ
R
prkn ´ xqp1 ´ ϕptqqdt
prkn ´ tq2 ` v2
*
´ 1.
Using that
ˆ
R
prkn ´ xqϕptqdt
prkn ´ tq2 ` v2
“ G1prkn ´ x, v;xq `
ˆ
Rzrx,x`2prkn´xqs
prn ´ xqϕptqdt
prkn ´ tq2 ` v2
,
we can estimate the second term to getˇˇˇˇˆ
Rzrx,x`2prkn´xqs
prkn ´ xqϕptqdt
prkn ´ tq2 ` v2
ˇˇˇˇ
ď 2prkn ´ xq
ˆ `8
prkn´xq
dt
t2
ď 2
Moreover, by monotonicity one has that G1prkn ´x, v;xq ě G1prkn ´x, vξprkn ´xq;xq. This implies that
for v ď vξprkn ´ xq
min
"ˆ
R
prkn ´ xqϕptqdt
prkn ´ tq2 ` v2
,
ˆ
R
prkn ´ xqp1 ´ ϕptqqdt
prkn ´ tq2 ` v2
*
ě min
"
G1prkn ´ x, vξprkn ´ xq;xq,
2
v
arctan
ˆ
rkn ´ x
v
˙
´G1prkn ´ x, vξprkn ´ xq;xq
*
´ 2 ě ξ ´ 2
for n sufficently large. In particular this implies that
|pχLprkn , vq ´ rkn , ηLprkn , vq ´ 1q| ď
Cb
1` prkn´xq2
v2
1
ξ ´ 9
where ξ ą 9. Since ξ ą 9 was arbitrary we get
lim sup
nÑ8
dppx, 1q, BT 2nq “ 0
This implies that limnÑ8pχLpwnq, ηLpwnqq “ tpx, 1qu. The case when x P Ssing,IInt pµq is analogus.
Proposition 5.10. Let H1 denote the one dimensional Hausdorff measure. Then there exists a µ P
Mλc,1pRq, such that H1pBLq “ `8.
Proof. Let
f1ptq “ t2 sin2pt´1qχr´ 2
3pi
, 2
3pi
sptq
A Taylor expansion around t “ 1
kπ
for |k| “ 2, 3, 4, ... shows that
ˆ
R
f1ptqdt
p 1
kπ
´ tq2 ă `8.
Moreover,
ˆ
R
f1ptqdt
t2
ă C `
ˆ 2
3pi
´ 2
3pi
t2dt
t2
ă `8.
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We now show that in fact sup
ně2
 ˆ
R
f1ptqdt
p 1
πn
´ tq2
( ă `8. Write
ˆ 2{p3πq
´2{p3πq
t2 sin2pt´1qdt
pt´ 1
πn
q2 “
ˆ 1{pπn`π{2q
´2{p3πq
t2 sin2pt´1qdt
pt´ 1
πn
q2 `
ˆ 1{pπn´π{2q
1{pπn`π{2q
t2 sin2pt´1qdt
pt´ 1
πn
q2 `
ˆ 2{p3πq
1{pπn´π{2q
t2 sin2pt´1qdt
pt´ 1
πn
q2
:“ Ipnq1 ` Ipnq2 ` Ipnq3 .
We first estimate I
pnq
1 . We get
I
pnq
1 ď
ˆ 1{pπn`π{2q
´2{p3πq
t2dt
pt´ 1
πn
q2 “
„
t´ 1pπnq2
1
pt´ 1
πn
q `
2
πn
log
ˇˇˇˇ
t´ 1
πn
ˇˇˇˇ1{pπn`π{2q
´2{p3πq
“ 2
3π
`Opn´1 lognq.
Similarly we get
I
pnq
3 ď
2
3π
`Opn´1 lognq.
We now consider I
pnq
2 . Using that | sin t| ď |t| for all t we get
I
pnq
2 “
ˆ 1{pπn´π{2q
1{pπn`π{2q
t2 sin2pt´1qdt
pt´ 1
πn
q2 “ pπnq
2
ˆ π{2
´π{2
sin2pxqdx
px` πnq2x2 ď pπnq
2
ˆ π{2
´π{2
x2dx
px` πnq2x2
ď 1p1 ´ 1
2n
q2 .
Thus,
sup
ně2
"ˆ
R
f1ptqdt
p 1
πn
´ tq2
*
ă `8. (5.46)
We now consider Hf1ppπnq´1q. Note that Hf1p0q “ 0, due to the symmetry of f1 at 0. We now consider
the sign of Hf1ppπnq´1q for n “ 2, 3, 4, ...
πHf1ppπnq´1q “
ˆ 0
´2{p3πq
t2 sin2pt´1qdt
1
nπ
´ t `
ˆ 2{p3πq
0
t2 sin2pt´1qdt
1
nπ
´ t “
"
t “ 1
x
*
“ πn
ˆ ´3π{2
´8
sin2pxqdx
x3px´ πnq ` πn
ˆ `8
3π{2
sin2pxqdx
x3px´ πnq
“ πn
ˆ `8
3π{2
sin2pxq
x3
"
1
x´ πn `
1
x` πn
*
dx
“ 2πn
ˆ `8
3π{2
sin2pxqdx
x2px´ πnqpx ` πnq :“ 2πnIpnq,
and
Ipnq “
ˆ `8
3π{2
sin2pxqdx
x2px ´ πnqpx` πnq “
ˆ πn
3π{2
sin2pxqdx
x2px ´ πnqpx` πnq `
ˆ 2πn´3π{2
πn
sin2pxqdx
x2px´ πnqpx ` πnq
`
ˆ `8
2πn´3π{2
sin2pxqdx
x2px´ πnqpx` πnq .
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Furthermore,
ˆ πn
3π{2
sin2pxqdx
x2px ´ πnqpx` πnq `
ˆ 2πn´3π{2
πn
sin2pxqdx
x2px´ πnqpx ` πnq
“
ˆ 0
3π{2´πn
sin2pt` πnqdt
pt` πnq2tpt` 2πnq `
ˆ πn´3π{2
0
sin2pt` πnqdt
pt` πnq2tpt` 2πnq
“
ˆ πn´3π{2
0
sin2ptqdt
p´t` πnq2p´tqp´t` 2πnq `
ˆ πn´3π{2
0
sin2pt` πnqdt
pt` πnq2tpt` 2πnq
“
ˆ πn´3π{2
0
sin2ptq
t
"
1
pt` πnq2pt` 2πnq `
1
pt´ πnq2pt´ 2πnq
*
dt
“
ˆ πn´3π{2
0
sin2ptq
t
"
10π2n2t` 2t3
pt` πnq2pt` 2πnqpt´ πnq2pt´ 2πnq
*
dt “ tt “ πnxu
“ 1pπnq3
ˆ 1´3{p2nq
0
sin2pπnxq
x
"
10x` 2x3
px` 1q2px` 2qpx´ 1q2px ´ 2q
*
dx
Let
Rpxq “ 5` 2x
2
px` 1q2px ` 2qpx´ 1q2px´ 2q .
An elementary estimate gives
´7
2
1
px´ 1q2 ď Rpxq ď ´
5
32
1
px´ 1q2
valid for all x P r0, 1q. Hence
ˆ 1´3{p2nq
0
sin2pπnxqRpxqdx ď ´ 5
32
ˆ 1´3{p2nq
0
sin2pπnxqdx
px ´ 1q2 .
Furthermore, choose 0 ă ε ă π{2. Then
1
πn
ˆ 1´3{p2nq
0
sin2pπnxqdx
px´ 1q2 “
ˆ πn´3π{2
0
sin2ptqdt
pt´ πnq2 ě
n´1ÿ
k“1
ˆ kπ
pk´1qπ
sin2ptqdt
pt´ πnq2
“
n´1ÿ
k“1
ˆ π
0
sin2pxqdx
px` πpk ´ 1q ´ πnq2 ě sin
2pεq
n´1ÿ
k“1
ˆ π´ε
ε
dx
px` πpk ´ 1q ´ πnq2
“ sin2pεq
n´1ÿ
k“1
π ´ 2ε
pπ ´ ε` πpk ´ 1q ´ πnqpε` πpk ´ 1q ´ πnq ě
pπ ´ 2εq sin2pεq
π2n
n´1ÿ
k“1
1
p1´ pk´1q
n
q2
1
n
ď pπ ´ 2εq sin
2pεq
π2n
ˆ 1´3{n
0
dx
p1´ xq2 ě
pπ ´ 2εq sin2pεq
π2n
n
3
“ pπ ´ 2εq sin
2pεq
3π2
.
Thus,
ˆ 1´3{p2nq
0
sin2pπnxqRpxqdx ď ´ 5
32
pπ ´ 2εq sin2pεqn
3π
. (5.47)
In addition,
ˆ 1´3{p2nq
0
sin2pπnxqRpxqdx ě ´7
2
ˆ 1´3{p2nq
0
dx
px´ 1q2 ě ´
7n
3
(5.48)
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Finally, we have the estimate
ˆ `8
2πn´3π{2
sin2pxqdx
x2px´ πnqpx ` πnq “
1
pπnq3
ˆ `8
2´3{p2nq
sin2pπntqdt
t2pt´ 1qpt` 1q
ď 1pπnq3
ˆ `8
2´3{p2nq
dt
pt´ 1q4 “
1
pπnq3
1
3p1´ 3
2n
q3 ď
43
3pπnq3 . (5.49)
Estimates (5.47)-(5.49) gives
´ 14
3π2n
´ 2 ¨ 4
3
3π2n2
ď πHf1ppπnq´1q ď ´10
32
pπ ´ 2εq sin2pεq
3π3n
` 2 ¨ 4
3
3π2n2
. (5.50)
(5.50) shows that there exists an N ą 0 such that Hf1ppπnq´1q ă 0 for all n ą N . Moreover, (5.50) also
shows that
sup
ną2
t|Hf1ppπnq´1q|u ă `8.
Let f2ptq “ χr1{2,asptq and choose a so that
´
R
pf1ptq ` f2ptqqdt “ 1. Let f “ f1 ` f2 be the density of
the measure µ. Since πHf2pxq ă 0 for all x ă 1{2, and πHf2pxq is a continuous function on r´ 23π , 23π s it
follows that
inf
nąN
t|Hfppπnq´1q|u “ m2 ą 0. (5.51)
Furthermore,
sup
ně2
"ˆ
R
fptqdt
p 1
πn
´ tq2
*
:“ m1 ă `8. (5.52)
Thus we have shown that "
1
πn
: n ą N
*ď
t0u Ă Ssing,IIInt pµq.
Moreover, every x P tpπnq´1 : n ą Nu satisfies the assumptions of Proposition 5.8. In addition, f
is Lipschitz continuous on p´ 2
3π
, 2
3π
q. Therefore, the function Hvfpuq defined on tu ` iv P H : u P
r´ 2
3π
` δ, 2
3π
´ δsu, for some δ ą 0 small enough, have a continuous extension to the domain tu` iv P C :
u P r´ 2
3π
` δ, 2
3π
´ δs, v ě 0u with boundary value Hfpuq. Proposition 5.8 and (5.51) and (5.52) implies
that there exists a d ą 0 such that
H
1pBLppπnq´1qq ą |1´ ηIIIΓ ppπnq´1qq| ą d
for all n ą N . This immediately implies that H1pBLq “ `8.
6 Appendix
6.1 Additional Results
Lemma 6.1.
BL “ BLp8q
ďˆ ď
xPR
BLpxq
˙
. (6.1)
67
Proof. Let ωx “ twnun Ă H be a sequence such that limnÑ8 wn “ x. Then tW´1L pwnqu Ă L. Since
L Ă P , L is compact. By Heine-Borel thoerem, it follows that BLrωspxq ‰ ∅. Assume that there exists a
point pχ1, η1q P LŞ BLrωspxq. Then there exists a subsequence twnkuk such that pχLpwnk q, ηLpwnkqq Ñ
pχ1, η1q. However, since WL is a homeomorphism, it follows that limkÑ8 wnk “ w1 “ WLppχ1, η1qq, a
contradiction. Hence BLrωspxq Ă BL. Since this holds for every such sequence ω “ ωx, it follows that
BLpxq “
ď
rωsPSx
BLrωspxq Ă BL.
In particular this holds for every x P R. Thus,ď
xPR
BLpxq Ă BL.
Finally, Lemma 2.1 in [2] proves that for any sequence twnun Ă H, such that limnÑ8 |wn| “ 8,
limnÑ8pχLpwnq, ηLpwnqq “ p12 `
´
R
xdµpxq, 0q P BL. This shows that
BLp8q
ďˆď
xPR
BLpxq
˙
Ă BL.
We now show the reverse inclusion. Let pχ1, η1q P BL. Then there exists a sequence tpχn, ηnqun Ă L such
that limnÑ8pχn, ηnq “ pχ1, η1q. Let wn “WLppχn, ηnqq. Assume that the sequence twnun is unbounded.
Then it contains a subsequence twnkuk such that limkÑ8 |wnk | “ 8. Then Lemma 2.1 in [2] shows that
pχ1, η1q “ p1
2
` ´
R
xdµpxq, 0q. However, this implies that limnÑ8 |wn| “ 8. Thus, we may assume that
the sequence twnun is bounded in H. Consider the set of limit points of twnun, that is twnunztwnun.
Assume that w1 P twnunztwnun
Ş
H. Then there exists a subsequence twnkuk such that limkÑ8 wnk “ w1.
However since WL is a homeomorphism, this implies that limkÑ8W´1L pwnkq “ W´1L pw1q ‰ pχ1, η1q, a
contradiction. Thus twnunztwnun Ă R. This shows that
BL Ă BLp8q
ďˆ ď
xPR
BLpxq
˙
.
Proposition 6.1. Let f P LppRq where p ą 1. Assume that
ˆ x`1
x´1
|fpxq ´ fptq|dt
|x´ t| ă `8. (6.2)
Then for every non-tangential convergent sequence tun ` ivnun to x,
lim
nÑ8
Hvnfpunq “ Hfpxq. (6.3)
Moreover, x P Lf .
Proof. We first note that (6.2) implies that
lim
hÑ0`
ˆ x`h
x´h
|fpxq ´ fptq|dt
|x´ t| ě limhÑ0`
ˆ x`h
x´h
|fpxq ´ fptq|dt
2h
“ 0.
Thus, x P Lf . We now show that Hfpxq exists. We have for every R ą 0 sufficiently largeˆ
|x´t|ąε
fptqdt
x´ t “
ˆ
εă|x´t|ăR
pfptq ´ fpxqqdt
x´ t ` fpxq
ˆ
εă|x´t|ăR
dt
x´ tlooooooooomooooooooon
“0
`
ˆ
|x´t|ąR
fptqdt
x´ t
“ J1 ` J2.
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We first estimate I2. Since f P LppRq we have by Hölder’s inequality
|J2| ď }f}p
ˆ ˆ
|x´t|ąR
dt
|x´ t|q
˙1{q
“ }f}p2
1{q
pq ´ 1q1{qRpq´1q{q ,
where q “ p
p´1 ą 1. Moreover, since
lim
εÑ0`
pfpxq ´ fptqqχ|t|ąε
x´ t “
fpxq ´ fptq
x´ t
for all t ‰ x, and
|fptq ´ fpxq|χ|t|ąε
|x´ t| ď
|fptq ´ fpxq|
|x´ t| ,
it follows by (6.2) and Lebesgue dominated convergence theorem that
lim
εÑ0`
ˆ
εă|x´t|ăR
fptq ´ fpxq
x´ t dt “
ˆ
|x´t|ăR
fptq ´ fpxq
x´ t dt.
Since R ą 0 was arbitrary and f P LppRq it follows that
πHfpxq “ lim
RÑ8
ˆ
|x´t|ăR
fpxq ´ fptq
x´ t dt “
ˆ
R
fpxq ´ fptq
x´ t dt
exists. Now consider a non-tangentially convergent sequence tun` ivnun to x. Then tun` ivnun Ă Γkpxq
for some k ą 0. We may assume that un ´ x ě 0. Then
´πHvnfpunq “
ˆ
R
´pun ´ tqfptqdt
pun ´ tq2 ` v2n
“
ˆ
R
pun ´ tqpfpxq ´ fptqqdt
pun ´ tq2 ` v2n
“
ˆ x`2pun´xq
x
pun ´ tqpfpxq ´ fptqqdt
pun ´ tq2 ` v2n
`
ˆ
Rzrx,x`2pun´xqs
pun ´ tqpfpxq ´ fptqqdt
pun ´ tq2 ` v2n
:“ Ipnq1 ` Ipnq2 ,
We first consider I
pnq
2 . By Lemma 6.3
|un ´ t|χRzrx,x`2pun´xqsptq
pun ´ tq2 ` v2n
ď 2|x´ t|
for all t, and
lim
nÑ8
pun ´ tqpfpxq ´ fptqqχRzrx,x`2pun´xqsptq
pun ´ tq2 ` v2n
“ fpxq ´ fptq
x´ t
for all t ‰ x, we get form (6.2) and Lebesgue’s dominated convergence theorem that
lim
nÑ8
ˆ
Rzrx,x`2pun´xqs
pun ´ tqpfpxq ´ fptqqdt
pun ´ tq2 ` v2n
“ ´πHfpxq.
We now consider I
pnq
1 . Since tun ` ivnun Ă Γkpxq,
|Ipnq1 | ď
ˆ un`pun´xq
x
|pun ´ tqpfpxq ´ fptqq|dt
pun ´ tq2 ` v2n
ď 1
vn
ˆ un`pun´xq
x
|fpxq ´ fptq|dt
ď pun ´ xq
vn
1
pun ´ xq
ˆ x`2pun´xq
x´2pun´xq
|fpxq ´ fptq|dt ď k 1pun ´ xq
ˆ x`2pun´xq
x´2pun´xq
|fpxq ´ fptq|dtÑ 0
as nÑ8, since x P Lf .
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Lemma 6.2. Let f, g : r0,`8q Ñ r0,`8q be monotonically decreasing continuous functions. Then
mintf, gu : r0,`8q Ñ r0,`8q is also a continuous monotonically decreasing function.
Proof. Using the identity
mintfpxq, gpxqu “ 1
2
`
fpxq ` gpxq ´ |fpxq ´ gpxq|˘, (6.4)
the continuity of mintf, gu is immediate. Let y ą x. Then by (6.4) and the triangle inequality
2pmintfpyq, gpyqu ´mintfpxq, gpxquq ď `fpyq ` gpyq ´ |fpyq ´ gpyq|˘´ `fpxq ` gpxq ´ |fpxq ´ gpxq|˘
ď fpyq ´ fpxq ` gpyq ´ gpxq ` |fpxq ´ fpyq ` gpyq ´ gpxq|
ď fpyq ´ fpxq ` |fpyq ´ fpxq| ` gpyq ´ gpxq ` |gpyq ´ gpxq|.
By monotonicity, fpyq ´ fpxq ď 0 and gpyq ´ gpxq ď 0, which implies
2pmintfpyq, gpyqu ´mintfpxq, gpxquq ď fpyq ´ fpxq ´ pfpyq ´ fpxqq ` gpyq ´ gpxq ´ pgpyq ´ gpxqq ď 0.
Hence mintf, gu is monotonically decreasing.
Lemma 6.3. Assume un ą x. Then
|un ´ t|χrx,x`2pun´xqsptq
pun ´ tq2 ` v2n
ď 1|un ´ t| ď
2
|x´ t|
for all t.
Proof. By translation invariance we may assume that x “ 0. Clearly, |un ´ t| ą |t| when t ă 0 which
implies
1
|un ´ t| ď
1
|t| ď
2
|t|
Now assume that t ą un ą 0. Then the equation
1
|un ´ t| “
2
|t|
has the unique solution t “ 2un. This immediately implies that
1
|un ´ t| ď
2
|t|
for t ě 2un.
Lemma 6.4. Let a, b P R, and a ă b. Assume that X1, X2 Ă ra, bs are measurable and that λpX1q “ m1
and λpX2q “ m2 are such that m1 `m2 ą b´ a. Then
λpX1
ď
X2q ě m1 ´m2 ´ b` a.
Proof. By the inclusion-exclusion principle
λpX1
ď
X2q “ λpX1q ` λpX2q ´ λpX1
č
X2q.
Since λpX1
Ť
X2q ď b´ a this gives the inequality
b´ a ě m1 `m2 ´ λpX1
č
X2q.
which is equivalent to
λpX1
č
X2q ě m1 `m2 ´ b` a.
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6.2 Examples
In this section we provide some details of the examples given earlier.
Example 6.1. Let fptq “ | sin t´1|χr´1{2,1{2sptq ` χr1{2,asptq, where a is chosen so that
´
R
fptqdt “ 1.
Then aprior f is not defined at x “ 0. However, we note that
Mfp0, hq “ 1
2h
ˆ h
´h
| sinpt´1q|dt “ 1
h
ˆ `8
1{h
| sinpsq|
s2
ds
“ 1
h
ˆ πm
1{h
| sinpsq|
s2
ds` 1
h
ˆ `8
πm
| sinpsq|
s2
ds
for h sufficiently small, where m is the smallest integer such that 1{h ď πm. Hence,
Mfp0, hq ă 1
h
ˆ πm
1{h
1
h´2
ds`
`8ÿ
n“m
1
h
ˆ πpn`1q
πn
| sinpsq|
π2n2
ds
“ hpπm´ h´1q `
`8ÿ
n“m
2
hπ2n2
ď πh`
`8ÿ
n“m
2m
πn2
“ πh` 2m
π
`8ÿ
k“0
1
pk `mq2 ď πh`
2m
π
ˆ `8
m´1
dx
x2
“ πh` 2
π
m
m´ 1 ,
where we have used that πpm´1q ď h´1 ď πm, which implies that hpπm´h´1q ď hpπm´πpm´1qq “ πh.
Similarly,
Mfp0, hq ą
`8ÿ
n“m
1
h
ˆ πpn`1q
πn
| sinpsq|
π2pn` 1q2 ds “
`8ÿ
n“m
2
hπ2pn` 1q2 ě
`8ÿ
n“m
2pm´ 1q
πpn` 1q2
“ 2pm´ 1q
π
`8ÿ
k“0
1
pk `m` 1q2 ě
2m
π
ˆ `8
m`2
dx
x2
“ 2
π
m´ 1
m` 2 .
Hence, since mÑ8 and hÑ 0`
lim
hÑ0`
Mfp0, hq “ 2
π
.
Therefore, if 0 is to be a Lebesgue point of f we have to define fp0q :“ 2
π
. However,
1
2h
ˆ h
´h
ˇˇˇˇ
| sinpt´1q| ´ 2
π
ˇˇˇˇ
dt “ 1
h
ˆ `8
1{h
ˇˇˇˇ
| sinptq| ´ 2
π
ˇˇˇˇ
dt
t2
,
and
| sinptq| ´ 2
π
ą 0 for t P
`8ď
k“0
ˆ
arcsin
2
π
` πk, π ´ arcsin 2
π
` πk
˙
and t ą 0.
Therefore,
ˆ πpk`1q
πk
ˇˇˇˇ
| sinptq| ´ 2
π
ˇˇˇˇ
dt
t2
ě
ˆ π´arcsinp2{πq`πk
πk`arcsinp2{πq
ˆ
sinptq ´ 2
π
˙
dt
π2pk ` 1q2
“ 1
π2pk ` 1q2
„
´ cosptq ´ 2t
π
π´arcsinp2{πq`πk
πk`arcsinp2{πq
“ 2
π2pk ` 1q2
„d
1´
ˆ
2
π
˙2
´ 1` 2
π
arcsin
ˆ
2
π
˙
.
71
Let m be the smallest integer such that 1{h ă πm. Then by the above there exist a positive constant
c ą 0 such that
1
h
ˆ `8
1{h
ˇˇˇˇ
| sinptq| ´ 2
π
ˇˇˇˇ
dt
t2
ě πpm´ 1q
`8ÿ
k“m
c
pk ` 1q2 ě
π
c
pm´ 1q
ˆ `8
m
1
px` 2q2 dx “
πcpm´ 1q
pm` 2q Û 0
as m Ñ `8. Note that the last term does not converge to 0 as h Ñ 0`. Therefore 0 ‰ Lf . Since,
f`p0q “ f´p0q “ 2
π
ă 1, it follows from Proposition 3.5 that 0 is a regular point. However note that
some of the the points
!
1
pi
2
`πk : k P Z, |k| ě 2
)
may be singular.
Example 6.2. Let In “ p2´pn`1q, 2´ns and let
fptq “
`8ÿ
k“1
ˆ
1´ 1
2k
˙
pχI2kptq ` χI2kp´tqq `
`8ÿ
k“1
1
2k ` 1 pχI2k`1ptq ` χI2k`1p´tqq ` χp1{2,asptq,
where a is chosen so that
´
R
fptqdt “ 1. One can show that
lim sup
hÑ0`
MRfp0, hq “ lim sup
hÑ0`
MLfp0, hq “ lim
kÑ`8
1
2´2k
ˆ 2´2k
0
fptqdt
“ lim
kÑ`8
22k
ˆˆ 2´2k´2
0
fptqdt`
ˆ 2´2k´1
2´2k´2
fptqdt`
ˆ 2´2k
2´2k´1
fptqdt
˙
ď lim
kÑ`8
22k
ˆ
2´2k´2 ` 1
2k ` 1 p2
´2k´1 ´ 2´2k´2q `
ˆ
1´ 1
2k
˙
p2´2k ´ 2´2k´1q
˙
“ 3
4
ă 1.
Similarly, one can also show that
lim inf
hÑ0`
MRfp0, hq “ lim inf
hÑ0`
MLfp0, hq “ lim
kÑ`8
1
2´2k´1
ˆ 2´2k´1
0
fptqdt
“ lim
kÑ`8
22k`1
ˆ ˆ 2´2k´3
0
fptqdt`
ˆ 2´2k´2
2´2k´3
fptqdt`
ˆ 2´2k´1
2´2k´2
fptqdt
˙
ě lim
kÑ`8
22k`1
ˆˆ
1´ 1
2k ` 2
˙
p2´2k´2 ´ 2´2k´3q ` 1
2k ` 1p2
´2k ´ 2´2k´1q
˙
“ 1
4
ą 0.
Hence, x “ 0 does not belong to the Lebesgue set of f . However we see that f satisfies the conditions of
Proposition 3.5. This implies that 0 is a regular point.
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